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h2+?MQHQ;B+�H BMi2`/2T2M/2M+B2b T`2/B+i BMMQp�iBQM /vM�KB+b

�MiQM SB+?H2`�-#-+- 6`�MÏQBb G�7QM/�-#- CX .QvM2 6�`K2`�-#-/

�AMbiBimi2 7Q` L2r 1+QMQKB+ h?BMFBM; �i i?2 Pt7Q`/ J�`iBM a+?QQH- lMBp2`bBiv Q7 Pt7Q`/- J�MQ` _Q�/- PsR jlZ- lE
#J�i?2K�iB+�H AMbiBimi2- lMBp2`bBiv Q7 Pt7Q`/- qQQ/biQ+F _Q�/- Pt7Q`/ Psk e::- lE

+*QKTH2tBiv a+B2M+2 >m# oB2MM�- CQb27bi /i2` ai`�Ľ2 jN- �@Ry3y- �mbi`B�
/a�Mi� 62 AMbiBimi2- RjNN >v/2 S�`F _Q�/- a�Mi� 62- LJ 3d8yR- la�

�#bi`�+i
q2 T`QTQb2 � bBKTH2 KQ/2H r?2`2 i?2 BMMQp�iBQM `�i2 Q7 � i2+?MQHQ;B+�H /QK�BM /2T2M/b QM i?2 BMMQp�iBQM `�i2 Q7 i?2
i2+?MQHQ;B+�H /QK�BMb Bi `2HB2b QMX lbBM; /�i� QM la T�i2Mib 7`QK R3je iQ kyRd- r2 K�F2 Qmi@Q7@b�KTH2 T`2/B+iBQMb �M/
}M/ i?�i i?2 T`2/B+i�#BHBiv Q7 BMMQp�iBQM `�i2b +�M #2 #QQbi2/ bm#bi�MiB�HHv r?2M M2irQ`F 2z2+ib �`2 i�F2M BMiQ �++QmMiX
AM i?2 +�b2 r?2`2 � i2+?MQHQ;vǶb M2B;?#Q`?QQ/ 7mim`2 BMMQp�iBQM `�i2b �`2 FMQrM- i?2 �p2`�;2 T`2/B+i�#BHBiv ;�BM Bb k3W
+QKT�`2/ iQ bBKTH2` iBK2 b2`B2b KQ/2H r?B+? /Q MQi BM+Q`TQ`�i2 M2irQ`F 2z2+ibX 1p2M r?2M MQi?BM; Bb FMQrM �#Qmi i?2
7mim`2- r2 }M/ TQbBiBp2 �p2`�;2 T`2/B+i�#BHBiv ;�BMb Q7 kyWX h?2 `2bmHib ?�p2 BKTQ`i�Mi TQHB+v BKTHB+�iBQMb- bm;;2biBM;
i?�i i?2 2z2+iBp2 bmTTQ`i Q7 � ;Bp2M i2+?MQHQ;v Kmbi i�F2 BMiQ �++QmMi i?2 i2+?MQHQ;B+�H 2+Qbvbi2K bm``QmM/BM; i?2
i�`;2i2/ i2+?MQHQ;vX

E2vrQ`/b, BMMQp�iBQM- i2+?MQHQ;v- M2irQ`F- 7Q`2+�biBM;- T�i2Mib- bT�iB�H 2+QMQK2i`B+b

RX AMi`Q/m+iBQM

h2+?MQHQ;B+�H 2pQHmiBQM Bb Q7i2M /2b+`B#2/ �b � `2+m`@
bBp2 T`Q+2bb r?2`2#v i?2 `2+QK#BM�iBQM Q7 2tBbiBM; +QKTQ@
M2Mib H2�/b iQ M2r Q` BKT`Qp2/ i2+?MQHQ;B+�H +QKTQM2Mib
Ua+?mKT2i2`- RNjNc lb?2`- RN89c E�mzK�M- RNNjc 6H2K@
BM;- kyyRc �`i?m`- kyyNc J+L2`M2v 2i �HX- kyRRc h`B� 2i �HX-
kyR9c uQmM 2i �HX- kyR8c 6BMF �M/ _22p2b- kyRNVX � bBKTH2
?vTQi?2bBb- i?2`27Q`2- Bb i?�i i2+?MQHQ;B+�H /QK�BMb i?�i
i2M/ iQ `2+QK#BM2 2H2K2Mib 7`QK 7�bi@;`QrBM; i2+?MQHQ;B@
+�H /QK�BMb b?QmH/ i?2Kb2Hp2b ;`Qr 7�bi2`X AM Qi?2` rQ`/b-
� i2+?MQHQ;v rBHH i2M/ iQ T`Q;`2bb 7�bi2` B7 i?2 i2+?MQHQ@
;B2b Bi `2HB2b QM �`2 i?2Kb2Hp2b K�FBM; 7�bi T`Q;`2bbX q?BH2
i?2b2 B/2�b �`2 r2HH 2bi�#HBb?2/- p2`v HBiiH2 ?�b #22M /QM2
iQ 2bi�#HBb? 2KTB`B+�HHv i?�i i2+?MQHQ;B+�H BMi2`/2T2M/2M@
+B2b ?2HT T`2/B+i 7mim`2 BMMQp�iBQM /vM�KB+bX "2BM; �#H2
iQ /2KQMbi`�i2 i?Bb `2H�iBQMb?BT rQmH/ #2 p2`v ?2HT7mH- �b
Bi rQmH/ �HHQr mb iQ bmTTQ`i F2v i2+?MQHQ;B2b �M/ Qp2`�HH
i2+?MQHQ;B+�H T`Q;`2bb #v /2bB;MBM; �M/ bmTTQ`iBM; i2+?@
MQHQ;B+�H 2+Qbvbi2KbX

AM i?Bb T�T2`- r2 2bi�#HBb? i?�i FMQrBM; i?2 i2+?MQHQ;B@
+�H 2+Qbvbi2K ?2HTb T`2/B+i i?2 /vM�KB+b Q7 7mim`2 BMMQp�@
iBQMX q2 mb2 � bBKTH2 KQ/2H r?2`2 i?2 BMMQp�iBQM `�i2b Q7
� i2+?MQHQ;B+�H /QK�BM /2T2M/b QM 2zQ`ib rBi?BM i?2 /Q@
K�BM- #mi �HbQ QM i?2 biQ+F Q7 FMQrH2/;2 BM i?2 /QK�BM �M/
BM bmTTQ`iBM; /QK�BMbX q2 i2bi i?2 KQ/2H QM i?2 `2+Q`/ Q7
lMBi2/ ai�i2b S�i2Mi P{+2 UlaShPV T�i2Mib 7`QK R3je
iQ kyRd- r?B+? BM+Hm/2b KQ`2 i?�M RyJ T�i2Mib- 9yJ +H�b@
bB}+�iBQMb BM ∼ 650 i2+?MQHQ;B+�H /QK�BMb- �M/ NyJ +Bi�@

∗*Q``2bTQM/BM; �mi?Q`
1K�BH �//`2bb, �MiQMXTB+?H2`!K�i?bXQtX�+XmF U�MiQM SB+?H2`V

iBQMbX �b T`2/B+i2/ #v i?2 KQ/2H- r2 }M/ i?�i i?�i i?2
;`Qri? `�i2b Q7 i?2 MmK#2` Q7 T�i2Mib BM � i2+?MQHQ;B+�H
/QK�BM /2T2M/b bi`QM;Hv QM i?2 ;`Qri? `�i2b Q7 Bib FMQrH@
2/;2 bQm`+2bX :Bp2M i?2 pQH�iBH2 M�im`2 Q7 ;`Qri? `�i2b-
i?Bb bi`QM; `2H�iBQMb?BT Bb `2K�`F�#H2X q2 mb2 i?Bb BMbB;?i
7Q` K�FBM; Qmi@Q7@b�KTH2 T`2/B+iBQMb Q7 T�i2MiBM; �+iBpB@
iB2b �M/ }M/ i?�i BMi2;`�iBM; M2irQ`F 2z2+ib +�M BKT`Qp2
T`2/B+iBQMb bm#bi�MiB�HHv +QKT�`2/ iQ BM/2T2M/2Mi iBK2
b2`B2b KQ/2HbX h?2 `2bmHib ?�p2 BKTQ`i�Mi TQHB+v BKTHB+�@
iBQMb- bm;;2biBM; i?�i `2b2�`+? TQHB+v i�`;2i2/ �i 7Qbi2`BM;
BMMQp�iBQM BM � i2+?MQHQ;B+�H /QK�BM ?�b iQ i�F2 Bib bm`@
`QmM/BM; i2+?MQHQ;B+�H 2+Qbvbi2K BMiQ �++QmMiX

a2p2`�H bim/B2b ?�p2 Tmi 7Q`r�`/ i?2 B/2� Q7 M2irQ`F@
/2T2M/2Mi BMMQp�iBQM /vM�KB+bX 6Q` BMbi�M+2- *Qr�M �M/
CQM�`/ UkyyjV �M/ EƺMB; 2i �HX UkyRRV ?�p2 T`QTQb2/ KQ/@
2Hb Q7 BMMQp�iBQM �`BbBM; 7`QK i?2 `2+QK#BM�iBQM Q7 FMQrH@
2/;2 BM _�. T�`iM2`b?BT M2irQ`FbX

�+2KQ;Hm 2i �HX UkyReV }M/ i?�i mTbi`2�K T�i2MiBM; H2p@
2Hb �`2 ?B;?Hv +Q``2H�i2/ rBi? /QrMbi`2�K T�i2MiBM; H2p2HbX
h��H#B UkyR3V }M/b #`Q�/Hv bBKBH�` `2bmHib mbBM; BMMQp�iBQM
+QmMib �M/ � M2irQ`F +QMbi`m+i2/ iQ `2~2+i r?B+? BM/mbi`v
mb2b BMMQp�iBQM 7`QK �MQi?2` BM/mbi`vX S�i2MiBM; H2p2Hb
�`2 T2`bBbi2Mi- �M/ bQ �`2 �miQK�iB+�HHv p2`v T`2/B+i�#H2X
AM +QMi`�bi- r2 7Q+mb QM +?�M;2b BM T�i2MiBM; H2p2Hb- r?B+?
�`2 MQi T2`bBbi2Mi �M/ �`2 Km+? KQ`2 /B{+mHi iQ T`2/B+iX

Pm` rQ`F QM BMMQp�iBQM /vM�KB+b Bb �HbQ `2H�i2/ iQ 2pQ@
HmiBQM�`v KQ/2Hb bm+? �b 6�`K2` 2i �HX URN3eV- "�;H2v 2i �HX
URNNkV �M/ C�BM �M/ E`Bb?M� UkyyRVX AM i?2b2 KQ/2Hb- i?2
2tTQM2MiB�H ;`Qri? i`�D2+iQ`B2b Q7 MQ/2b �`Bb2 /m2 iQ i?2
2tBbi2M+2 Q7 �miQ+�i�HviB+ b2ib- BX2X � bm#b2i Q7 i?2 M2irQ`F
r?2`2 MQ/2b ?�p2 �i H2�bi QM2 TQbBiBp2 BM+QKBM; HBMF 7`QK



� MQ/2 Q7 i?2 b�K2 bm#;`�T?- H2�/BM; iQ bmbi�BM�#H2 b2H7@
`2BM7Q`+BM; /vM�KB+bX 1pB/2M+2 7Q` i?2 T`2b2M+2 Q7 �miQ@
+�i�HviB+ b2ib BM i2+?MQHQ;v bvbi2Kb r�b `2+2MiHv T`QpB/2/
#v L�TQHBi�MQ 2i �HX UkyR3V r?Q }M/ i?�i i?2 �miQ+�i@
�HviB+ bi`m+im`2 Q7 i?2 T�i2Mi M2irQ`F ?�b ;`QrM BM iBK2
�M/ i?�i T�i2Mi +H�bb2b #2HQM;BM; iQ i?2 �miQ+�i�HviB+ b2i
b?Qr ?B;?2` H2p2Hb Q7 BMMQp�iBQM �+iBpBivX

Pm` +QMi`B#miBQM iQ i?2 HBi2`�im`2 +�M #2 bmKK�`Bx2/ �b
7QHHQrbX 6B`bi- r2 b?Qr bi`QM; 2KTB`B+�H 2pB/2M+2 Q7 +Qm@
TH2/ BMMQp�iBQM ;`Qri? BM i?2 T`2b2M+2 Q7 M2irQ`F HBMF@
�;2b �M/ /2KQMbi`�i2 i?�i i?2 Q#b2`p2/ 2z2+ib �`2 7�`
7`QK r?�i rQmH/ #2 2tT2+i2/ #v +?�M+2 Ua2+iBQM kVX a2+@
QM/- r2 T`QTQb2 � bBKTH2 i?2Q`2iB+�H KQ/2H Q7 M2irQ`F@
/2T2M/2Mi FMQrH2/;2 T`Q/m+iBQM r?B+? Bb �#H2 iQ 2tTH�BM
i?2 Q#b2`p2/ 2KTB`B+�H T�ii2`MX q2 i?2M b?Qr ?Qr i?2
KQ/2H +�M #2 2biBK�i2/ 7`QK 2KTB`B+�H /�i�- �M/ [m�MiB7v
?Qr M2irQ`F 2z2+ib BM BMMQp�iBQM /vM�KB+b ?�p2 #2+QK2
KQ`2 BKTQ`i�Mi Qp2` i?2 H�bi dy v2�`b Ua2+iBQM jVX 6BM�HHv-
r2 p�HB/�i2 i?2 KQ/2H #v T`2/B+iBM; 7mim`2 T�i2MiBM; H2p2Hb
Ua2+iBQM 9VX q2 }M/ i?�i BM/2T2M/2Mi iBK2 b2`B2b KQ/2Hb
+�M #2 bm#bi�MiB�HHv BKT`Qp2/ BM +�b2 M2irQ`F BM7Q`K�iBQM
Bb �p�BH�#H2X

kX 1KTB`B+�H 2pB/2M+2

kXRX .�i� �M/ M2irQ`F +QMbi`m+iBQM
q2 mb2 /�i� QM i?2 r?QH2 mMBp2`b2 Q7 ;`�Mi2/ lMBi2/

ai�i2b T�i2Mib bi�`iBM; BM R3je mT iQ kyRd- r?2`2 i?2 v2�`
`272`b iQ i?2 Tm#HBb?BM; /�i2 Q7 i?2 T�i2MiX h?2 /�i�b2i
+Qp2`b NX3j KBHHBQM T�i2Mib �M/ Qp2` NR KBHHBQM +Bi�iBQMbX
1�+? T�i2Mi Bb +�i2;Q`Bx2/ #v i?2 T�i2Mi Q{+2 BMiQ QM2
Q7 b2p2`�H *QQT2`�iBp2 S�i2Mi *H�bbB}+�iBQM U*S*V +Q/2bX
q2 `2;�`/ 2�+? 9@/B;Bi *S* +Q/2 �b � /BbiBM+i i2+?MQHQ;B@
+�H /QK�BMRX q2 +QMbi`m+i � /B`2+i2/ M2irQ`F Ct r?2`2 �M
2H2K2Mi Ci j,t Bb i?2 bmK Q7 �HH +Bi�iBQMb 7`QK i2+?MQHQ;v j
�i iBK2 t iQ i2+?MQHQ;v iX AM �TT2M/Bt � r2 b?Qr ?Qr i?Bb
K�i`Bt +�M #2 /2`Bp2/ 7`QK T�i2Mi +Bi�iBQMb #v bi`�B;?i@
7Q`r�`/ �H;2#`�kX AM Qm` �M�HvbBb- r2 mb2 `Qr@MQ`K�HBx2/
K�i`B+2b {Wt : t = 1947, ..., 2017} r?2`2 2�+? 2H2K2Mi Wi j,t
Bb /2}M2/ �b

Wi j,t :=
Ci j,t∑
j=1 Ci j,t

. URV

h?mb- i?2 `Qr {Wi j,t : j = 1 . . .N} +�M #2 BMi2`T`2i2/ �b i2+?@
MQHQ;v iǶb /2T2M/2M+2 BM Bib T�i2MiBM; �+iBpBiv �i iBK2 t QM
�HH Qi?2` i2+?MQHQ;B2b, 2�+? 2Mi`v Bb i?2 b?�`2 Q7 +Bi�iBQMb
7`QK i2+?MQHQ;v i �i iBK2 t iQ �MQi?2` i2+?MQHQ;B+�H /Q@
K�BM jX h?Bb Bb � i2KTQ`�H M2irQ`F rBi? v2�`Hv bM�Tb?Qib

R hQ +?2+F `Q#mbiM2bb Q7 Qm` `2bmHib rBi? `2bT2+i iQ �Hi2`M�iBp2
+H�bbB}+�iBQM b+?2K2b �M/ �;;`2;�iBQM H2p2Hb- r2 `2/Q i?2 2MiB`2 �M�H@
vbBb T`2b2Mi2/ BM i?2 K�BM i2ti QM i?2 H2p2H Q7 *S* j@/B;Bib- AMi2`@
M�iBQM�H S�i2Mi *H�bbB}+�iBQM UAS*V j@ �M/ 9@/B;Bib �M/ `2TQ`i i?2
`2bmHib BM i?2 bmTTH2K2Mi�`v BM7Q`K�iBQMX

k h?2 �M�HvbBb b?QrM ?2`2 /Q2b MQi `mH2 Qmi �Hi2`M�iBp2 i2+?@
MQHQ;B+�H /Bbi�M+2 K2�bm`2bX AMbi2�/ Q7 mbBM; i2+?MQHQ;v +Bi�iBQM
M2irQ`Fb- Qi?2` M2irQ`Fb bm+? �b +Q@+H�bbB}+�iBQM �M/ +Q@+Bi�iBQM
M2irQ`Fb +QmH/ #2 mb2/X

UJ�bm/� �M/ G�K#BQii2- kyReVX q2 /Q MQi +QMbi`m+i M2i@
rQ`Fb 7Q` v2�`b #27Q`2 RN9d- #2+�mb2 2�`HB2` +Bi�iBQMb K�/2
#v T�i2Mib �`2 MQi r2HH /Q+mK2Mi2/X "mi +Bi�iBQMb iQ 2�`@
HB2` T�i2Mib �`2 r2HH `2TQ`i2/X 6Q` 2t�KTH2- � +Bi�iBQM 7`QK
� T�i2Mi ;`�Mi2/ �7i2` RN9d iQ � T�i2Mi Q7 i?2 RNi? +2Mim`v
Bb BM+Hm/2/ BM i?2 M2irQ`FjX

kXkX S`2HBKBM�`v 2pB/2M+2
q2 MQr BMp2biB;�i2 r?2i?2` i2+?MQHQ;B+�H /QK�BMb +QM@

M2+i2/ iQ 7�bi@;`Qri? i2+?MQHQ;B+�H /QK�BMb �HbQ ;`Qr
7�bi2`X AM Qi?2` rQ`/b- r2 bim/v i?2 �bbQ`i�iBpBiv Q7 i?2
i2KTQ`�H M2irQ`F rBi? `2bT2+i iQ T�i2MiBM; ;`Qri? `�i2bX
6Q` 2�+? i2+?MQHQ;v- r2 +QKTmi2 Bib M2B;?#Q`?QQ/ T�i2Mi@
BM; ;`Qri? `�i2 �b i?2 �p2`�;2 M2�`2bi M2B;?#Q` ;`Qri?
`�i2 U�LL:V-

g̃i,t =

N∑

j=1

Ci j,t(1 − δi j)∑
k=1 Cik,t(1 − δik)

g j,t, UkV

r?2`2 δi j /2MQi2b i?2 E`QM2+F2` /2Hi� Ui?2 K�i`Bt /B�;QM�H
Bb 2t+Hm/2/ BM i?2 bmKK�iBQM bQ i?�i i?2 �LL: K2�bm`2b
M2B;?#Q` ;`Qri? `�i2b QMHvVX q2 i?2M i2bi B7 i?2`2 Bb � TQb@
BiBp2 +Q``2H�iBQM #2ir22M ;`Qri? `�i2b Q7 T�i2MiBM; �+iBpBiv
BM i2+?MQHQ;B+�H /QK�BMb �M/ i?2B` �LL:X

6B;X R�V THQib i?2 Ry@v2�` ;`Qri? `�i2b �;�BMbi i?2 Ry@
v2�` �LL: 7Q` i?2 i2+?MQHQ;v M2irQ`F BM kyyy- `2p2�HBM; �
?B;?Hv bB;MB}+�Mi TQbBiBp2 `2H�iBQMb?BT BM ;`Qri? `�i2b 7`QK
kyyy iQ kyRy #2ir22M i2+?MQHQ;B2b �M/ i?2B` M2B;?#Q`?QQ/X
aBM+2 i?2 i2+?MQHQ;v M2irQ`F Bb #�b2/ QM i?2 v2�` kyyy-
i?2 };m`2 bm;;2bib i?�i B7 � i2+?MQHQ;v /`�rb � bB;MB}+�Mi
b?�`2 Q7 FMQrH2/;2 7`QK �MQi?2` i2+?MQHQ;v BM kyyy- r2
rQmH/ 2tT2+i i?2K iQ 2t?B#Bi bBKBH�` ;`Qri? `�i2b Qp2`
i?2 M2ti i2M v2�`bX h?Bb T`QMQmM+2/ TQbBiBp2 `2H�iBQMb?BT
Bb bi`BFBM; ;Bp2M i?�i Bi Bb #�b2/ QM ;`Qri? `�i2b- r?B+?
i2M/ iQ #2 Km+? MQBbB2` i?�M T�i2MiBM; H2p2HbX q?BH2 QM2
+QmH/ 2tT2+i i?2 M2irQ`F iQ #2 �bbQ`i�iBp2 rBi? `2bT2+i iQ
/2;`22b �M/ T�i2MiBM; H2p2Hb- �bbQ`i�iBpBiv rBi? `2bT2+i iQ
;`Qri? `�i2b Bb 7�` H2bb i`BpB�HX

�Hi?Qm;? BMi2`2biBM;- r2 b?QmH/ i2bi B7 i?Bb `2H�iBQMb?BT
?QH/b Qp2` iBK2 �M/ B7 r2 `2�HHv +�M #2 bm`2 i?�i i?2 Q#@
b2`p2/ `2H�iBQMb?BT Bb bB;MB}+�MiHv /Bz2`2Mi 7`QK r?�i �
MmHH KQ/2H rQmH/ T`Q/m+2X hQ #2M+?K�`F Qm` `2bmHib- r2
+�H+mH�i2 i?2 +Q``2H�iBQMb #2ir22M ;`Qri? `�i2b �M/ �LL:
`�i2b 7Q` � `�M/QKBx2/ p2`bBQM Q7 i?2 ;Bp2M i2+?MQHQ;v M2i@
rQ`FX 6Q` 2�+? v2�` t �M/ � }t2/ `Qr i BM i?2 K�i`Bt Wt- r2
`2b�KTH2 �HH Qz@/B�;QM�H 2Mi`B2b rBi?Qmi `2TH�+2K2MibX AM
i?2 `�M/QKBx2/ +QMi`QH M2irQ`F i?2 MQ/2b biBHH ?�p2 i?2
b�K2 r2B;?i2/ Qmi;QBM; HBMFb- #mi MQr `�M/QKHv TQBMi@
BM; iQ Qi?2` MQ/2b U2t+Hm/BM; b2H7@HQQTbVX q2 `2T2�i i?2

j �HbiQii 2i �HX UkyRdV �`;m2 i?�i HBMFb Q7 i2+?MQHQ;v M2irQ`Fb +�M
#2 /`Bp2M #v /QK�BM bBx2b �M/ T�i2Mi �;2b �M/ bm;;2bi � M2irQ`F
MQ`K�HBx�iBQM T`Q+2/m`2 iQ +QMi`QH 7Q` i?2b2 BKTBM;BM; 7�+iQ`bX q2
?�p2 �TTHB2/ i?Bb K2i?Q/ �b 2tTH�BM2/ BM /2i�BH BM �TT2M/Bt "- #mi
Qm` `2bmHib �`2 MQi b2MbBiBp2 rBi? `2bT2+i iQ i?2 M2irQ`F MQ`K�HBx�@
iBQMX

k
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Pearson cor. = 0.55
(p < 10−16)
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6B;m`2 R, �V h2+?MQHQ;B2bǶ Ry@v2�` ;`Qri? `�i2b g 7Q` i?2 ?Q`BxQM kyyy iQ kyRy THQii2/ �;�BMbi �p2`�;2 M2�`2bi M2B;?#Q` ;`Qri? `�i2b g̃
U�LL:VX h?2 M2B;?#Q`bǶ ;`Qri? `�i2b �`2 +�H+mH�i2/ #�b2/ QM i?2 i2+?MQHQ;v M2irQ`F BM kyyyX h?2 THQi i?mb bm;;2bib i?�i i2+?MQHQ;B2b
2tT2`B2M+2/ � bBKBH�` ;`Qri? `�i2 Qp2` i?2 M2ti i2M v2�` �b i?2 i2+?MQHQ;B2b i?2v r2`2 HBMF2/ iQ BM kyyyX #V L2irQ`F �bbQ`i�iBpBiv Qp2` iBK2
rBi? `2bT2+i iQ R@v2�` UmTT2` T�M2HV- 8@v2�` U+2Mi2` T�M2HV �M/ Ry@v2�` U#QiiQK T�M2HV ;`Qri? `�i2bX h?2`2 Bb T`QMQmM+2/ +Q``2H�iBQM #2ir22M
;`Qri? `�i2b Q7 MQ/2b �M/ i?2B` M2B;?#Q`b BM i?2 i2+?MQHQ;v M2irQ`F- r?BH2 i?2 `�M/QKBx2/ �bbQ`i�iBpBiv K2�bm`2 ?Qp2`b �`QmM/ x2`QX h?2
b?�/2/ �`2� �`QmM/ i?2 `�M/QKBx2/ M2irQ`F T`2/B+iBQMb /2TB+i i?2 yXy8@yXN8 [m�MiBH2 `�M;2 Q7 i?2 R-yyy b�KTH2 `2�HBx�iBQMbX h?2 +Q``2H�iBQMb
i2M/ iQ ;2i bi`QM;2` BM iBK2 BM i?2 2KTB`B+�H M2irQ`FX

`�M/QKBx�iBQM T`Q+2bb R-yyy iBK2b �M/ `2TQ`i i?2 �p2`@
�;2 +Q``2H�iBQM #2ir22M ;`Qri? `�i2b �M/ �LL: �b i?2
+Q``2bTQM/BM; MmHH KQ/2HX 6B;X R#V THQib i?2 S2�`bQM +Q`@
`2H�iBQM Qp2` iBK2 #2ir22M ;`Qri? `�i2b �M/ �LL:- QM+2
+QKTmi2/ BM i?2 ;Bp2M i2+?MQHQ;v M2irQ`F �M/ QM+2 BM
i?2 `�M/QKBx2/ +QMi`QHX q2 `2TQ`i i?2 `2bmHib 7Q` i?`22
/Bz2`2Mi ;`Qri? `�i2b- R@v2�` UmTT2` T�M2HV- 8@v2�` U+2M@
i2` T�M2HV �M/ Ry@v2�` ;`Qri? `�i2b U#QiiQK T�M2HVX h?2
TQbBiBp2 +Q``2H�iBQM bi`m+im`2 #2ir22M FMQrH2/;2 bQm`+2b
;`Qri? �M/ QrM ;`Qri? `�i2b Qp2` iBK2 Bb 7�` 7`QK r?�i
QM2 rQmH/ 2tT2+i 7`QK � M2irQ`F r?2`2 MQ/2b /Bbi`B#mi2
i?2B` Qmi@HBMFb `�M/QKHv Qp2` i?2 r?QH2 b2i Q7 TQi2MiB�H
FMQrH2/;2 bQm`+2bX AMimBiBp2Hv- QM2 rQmH/ 2tT2+i i?�i M2i@
rQ`F 2z2+ib K�i2`B�HBx2 Qp2` i?2 HQM; `mM BMbi2�/ Q7 b?Qr@
BM; BKK2/B�i2 2z2+ibX h?2 };m`2 +QM}`Kb i?Bb ?vTQi?2bBb-
#mi 2p2M 7Q` R@v2�` ;`Qri? `�i2b r2 }M/ `2H�iBp2Hv bi`QM;
�M/ bB;MB}+�Mi TQbBiBp2 +Q``2H�iBQMbX �MQi?2` BMi2`2biBM;
�bT2+i Bb i?�i 7Q` �HH i?`22 ;`Qri? `�i2 ivT2b- i?2 TQbBiBp2
`2H�iBQMb?BT i2M/b iQ ;2i bi`QM;2` Qp2` iBK2X9 6m`i?2` 2p@
B/2M+2 QM i?2 BKT�+i Q7 � i2+?MQHQ;vǶb M2B;?#Q`?QQ/ QM
Bib T�i2MiBM; /vM�KB+b Bb /Bb+mbb2/ BM i?2 bmTTH2K2Mi�`v

9 Ai b?QmH/ #2 MQi2/ i?�i i2+?MQHQ;v +Bi�iBQM M2irQ`Fb �`2 #v
+QMbi`m+iBQM +Q``2H�i2/ rBi? +Q@+H�bbB}+�iBQM M2irQ`Fb Ub22 �TT2M/Bt
�V- �M/ i?mb- i?2B` K�`;BM�H 2z2+ib �`2 /B{+mHi iQ /Bb2Mi�M;H2X hQ
i2bi r?2i?2` i?2`2 Bb bB;M�H BM i?2 +Bi�iBQMb i?2Kb2Hp2b- r2 +QKTmi2/
i?2 b�K2 �LL: K2�bm`2b 7Q` laS* K�BM +H�bb2bX q?2M +QMbB/2`BM;
QMHv laS* K�BM +H�bb2b- i?2`2 Bb MQ +Q@+H�bbB}+�iBQM- �HHQrBM; mb iQ
b2T�`�i2 i?2b2 2z2+ibX �Hi?Qm;? bHB;?iHv MQBbB2`- r2 �HbQ }M/ bi`QM;Hv
TQbBiBp2 �LL: p�Hm2b 7Q` i?2 H2bb ;`�MmH�` laS* K�BM +H�bb2bX

BM7Q`K�iBQMX

jX L2irQ`F@/2T2M/2Mi FMQrH2/;2 +`2�iBQM

jXRX h?2 KQ/2H
hQ 2tTH�BM i?2 2KTB`B+�H Q#b2`p�iBQMb- r2 MQr BMi`Q/m+2

� bBKTH2 KQ/2H Q7 M2irQ`F@/2T2M/2Mi FMQrH2/;2 +`2�iBQM
�M/ /Bb+mbb Bib BKTHB+�iBQMb 7Q` i?2 HQM;@i2`K 2pQHmiBQM Q7
i2+?MQHQ;B2bX G2i mb +QMbB/2` N /BbiBM+i i2+?MQHQ;B+�H /Q@
K�BMbX h?2 +`2�iBQM Q7 M2r FMQrH2/;2 BM � i2+?MQHQ;B+�H
/QK�BM `2[mB`2b �+iBp2 `2b2�`+? 2zQ`i- �M/ /2T2M/b TQbB@
iBp2Hv QM i?2 2tBbiBM; biQ+F Q7 FMQrH2/;2- 7`QK i?2 b�K2
/QK�BM Q` 7`QK bT2+B}+ Qi?2` /QK�BMbX

JQ`2 T`2+Bb2Hv- r2 �bbmK2 i?�i i?2 +`2�iBQM Q7 M2r
FMQrH2/;2 7QHHQrb i?2 /vM�KB+�H bvbi2K

K̇i(t) = θiRi(t)α
N∏

j=1

Kj(t)βWi j , UjV

r?2`2 θi Bb � i2+?MQHQ;v@bT2+B}+ T`Q/m+iBpBiv T�`�K2i2`-
Ri(t) i?2 `2b2�`+? 2zQ`i BM /QK�BM i �i iBK2 t �M/ Ki(t)
Bb i?2 biQ+F Q7 FMQrH2/;2 BM i �i tX h?2 i2+?MQHQ;B+�H
2+Qbvbi2K Bb `2T`2b2Mi2/ #v i?2 r2B;?i2/ �/D�+2M+v K�@
i`Bt W r?B+? Bb MQ`K�HBx2/ iQ #2 `Qr@biQ+?�biB+ �M/ 7Q`
K�i?2K�iB+�H +QMp2MB2M+2 �bbmK2/ iQ #2 }t2/ BM iBK2X �
i2+?MQHQ;B+�H /QK�BM Bb i?2M � MQ/2 BM i?2 M2irQ`F r?Qb2
BMMQp�iBQM `�i2b /2T2M/ QM Bib HQ+�iBQM BM i?2 i2+?MQHQ;B@
+�H 2+Qbvbi2KX A7 � i2+?MQHQ;v i /`�rb FMQrH2/;2 7`QK i?2

j



FMQrH2/;2 biQ+F Q7 MQ/2 j BM i?2 BMMQp�iBQM T`Q+2bb- i?2
irQ MQ/2b �`2 +QMM2+i2/ i?`Qm;? � /B`2+i2/ 2/;2 7`QK i iQ
jX h?2 /B`2+i2/ HBMF ?�b i?2 r2B;?i Wi j /2MQiBM; i?2 b?�`2
Q7 i2+?MQHQ;v jǶb FMQrH2/;2 BM i?2 +`2�iBQM Q7 M2r FMQrH@
2/;2 BM i2+?MQHQ;v iX θi +�Tim`2b i?2 7�+i i?�i BMi`BMbB+
+?�`�+i2`BbiB+b Q7 i2+?MQHQ;B2b �z2+i ?Qr 2�bv BMMQp�iBQM
`�i2b +�M #2 BM~m2M+2/X α ≥ 0 /2MQi2b i?2 2H�biB+Biv Q7
FMQrH2/;2 QmiTmi rBi? `2bT2+i iQ `2b2�`+? 2zQ`ibX h?2
2H�biB+Biv Q7 FMQrH2/;2 QmiTmi BM i UK̇iV rBi? `2bT2+i iQ i?2
FMQrH2/;2 biQ+F BM j UKjV Bb βWi j- i?mb β /2MQi2b i?2 bmK
Qp2` �HH /QK�BMb j Q7 i?2b2 2H�biB+BiB2b UbBM+2 ∑

j Wi j = 1VX
1[X UjV �HbQ `2H�i2b iQ i?2 FMQrH2/;2 T`Q/m+iBQM 7mM+@

iBQMb mb2/ BM +H�bbB+�H 2M/Q;2MQmb ;`Qri? KQ/2Hb U_QK2`
URNNyV- �;?BQM �M/ >QrBii URNNyV- :`QbbK�M �M/ >2HT@
K�M URNNRV �M/ CQM2b URNN8V V- #mi BM+Q`TQ`�i2b M2irQ`F
2z2+ibX Ai bBKTHB}2b iQ i?2 bi�M/�`/ *Q##@.Qm;H�b FMQrH@
2/;2 T`Q/m+iBQM 7mM+iBQM BM +�b2 2�+? i2+?MQHQ;v mb2b QMHv
Bib QrM FMQrH2/;2 biQ+F UW = IVX aBKBH�` 2[m�iBQMb ?�p2
#22M 2biBK�i2/ 2KTB`B+�HHv rBi?BM i?2 ǳ_�. bTBHHQp2`bǴ
HBi2`�im`2 r?B+? 2biBK�i2b i?2 BKT�+i Q7 _� . BM QM2 2M@
iBiv QM Qmi+QK2b BM �MQi?2` 2MiBiv- bm+? �b +QmMi`B2b- `2@
;BQMb- }`Kb- �M/ b2+iQ`b U1`im` �M/ EQ+?- kyydc >�HH 2i �HX-
kyRyc >Q 2i �HX- kyR3VX

_2b2�`+? 2zQ`i Bb +QMbB/2`2/ iQ #2 �M 2tQ;2MQmb TQHB+v
p�`B�#H2 r?B+? r2 �bbmK2 iQ ;`Qr �i � +QMbi�Mi `�i2 Ri(t) =
Ri,0eλitX .BpB/BM; 1[X UjV #v Ki(t)- i�FBM; HQ;b �M/ i?2
/2`Bp�iBp2 rBi? `2bT2+i iQ iBK2- r2 Q#i�BM �7i2` `2�``�M;BM;
i?2 MQMHBM2�` �miQMQKQmb bvbi2K

ġi(t) = αλigi(t) + (βWii − 1)gi(t)2 + βgi(t)
N∑

j=1

Wi jg j(t)(1 − δi j),

U9V
r?2`2 gi(t) := K̇i(t)/Ki(t) Bb i?2 ;`Qri? `�i2 Q7 i?2 FMQrH@
2/;2 biQ+FX 1[X U9V ?�b #22M 2ti2MbBp2Hv bim/B2/ rBi?Qmi
M2irQ`F 2z2+ib BM i`�/BiBQM�H 2M/Q;2MQmb ;`Qri? KQ/2Hb
�M/ BM i?Bb +�b2 Bib /vM�KB+b �`2 r2HH@mM/2`biQQ/ U_QK2`
UkyRkV- +?XjVX q?2M bQHpBM; i?2 KQ/2H rBi?Qmi M2irQ`F
2z2+ib- i?2 bi2�/v bi�i2 ;`Qri? `�i2 Uǳ#�H�M+2/ ;`Qri?
T�i?ǴV Bb g∗i = αλi/(1−β) r?B+? Bb ;HQ#�HHv bi�#H2 mM/2` i?2
bi�M/�`/ �bbmKTiBQM Q7 β < 1X >2`2- i?2 HQM; `mM@;`Qri?
`�i2 Q7 FMQrH2/;2 BM i2+?MQHQ;v i +�M QMHv #2 BM+`2�b2/ #v
BM+`2�bBM; i?2 HQM;@`mM ;`Qri? `�i2b Q7 `2b2�`+? 2zQ`ib BM
i?2 T�`iB+mH�` i2+?MQHQ;vX

q?2M M2irQ`F 2z2+ib �`2 BM+Hm/2/- � i2+?MQHQ;vǶb HQM;@
i2`K ;`Qri? T�i? /2T2M/b �HbQ QM i?2 ;`Qri? `�i2b Q7 Qi?2`
i2+?MQHQ;B2bX "v b2iiBM; ġi = 0 7Q` �HH i- r2 }M/ i?2 bi2�/v
bi�i2 Q7 i?2 7Q`K

g∗i =
αλi

1 − βWii
+

β

1 − βWii

N∑

j=1

Wi jg∗j(1 − δi j). U8V

h?2 bi2�/v bi�i2 ;`Qri? T�i? 7Q` i2+?MQHQ;v i +�M #2 mM@
/2`biQQ/ �b � bmK Q7 irQ +QKTQM2MibX h?2 }`bi T�`i Bb i?2
B/BQbvM+`�iB+ i2`K- r?B+? 2[m�Hb i?2 2M/Q;2MQmb ;`Qri?
`2bmHi rBi?Qmi M2irQ`F 2z2+ibX h?2 b2+QM/ +QKTQM2Mi
bm;;2bib i?�i i?2 HQM;@`mM ;`Qri? Q7 � i2+?MQHQ;v /2T2M/b
TQbBiBp2Hv QM Bib M2B;?#Q`bǶ ;`Qri? `�i2bX

1 2 3 4 5
3.5

4.0

4.5

5.0

5.5

g1 (in %)

g
2
(in

%
)

1 2 3 4 5
3.5

4.0

4.5

5.0

5.5

g1 (in %)

g
2
(in

%
)

6B;m`2 k, S?�b2 TQ`i`�Bib Q7 ;`Qri? i`�D2+iQ`B2b 7Q` � bBKTH2 2t@
�KTH2 Q7 QMHv irQ i2+?MQHQ;B2bX h?2 ?Q`BxQMi�H �M/ p2`iB+�H �t2b
/2MQi2 i?2 ;`Qri? `�i2b Q7 i2+?MQHQ;v R �M/ i2+?MQHQ;v k- `2bT2+@
iBp2HvX AM i?2 H27i T�M2H i?2`2 �`2 MQ M2irQ`F 2z2+ib- W = IX AM
i?2 `B;?i T�M2H � M2irQ`F Bb T`2b2Mi rBi? 2H2K2Mib Wi j = 0.5 7Q` �HH
i, jX h?2 T?�b2 /B�;`�Kb �`2 b?QrM 7Q` BMBiB�H `2b2�`+? ;`Qri? `�i2b
λ1 = 0.02 �M/ λ2 = 0.05X h?2 `2K�BMBM; T�`�K2i2`b �`2 b2i �b 7QHHQrb,
α = β = 0.5X qBi? i?Bb T�`�K2i`Bx�iBQM �HH i`�D2+iQ`B2b +QMp2`;2 iQ i?2
bi2�/v bi�i2 (g∗1, g

∗
2) = (0.02, 0.05) BM i?2 MQ@M2irQ`F +�b2 �M/ iQ i?2

bi2�/v bi�i2 (g∗1, g
∗
2) = (0.0275, 0.0425) B7 M2irQ`F 2z2+ib �`2 BM+Hm/2/X

AM i?2 �#b2M+2 Q7 M2irQ`F 2z2+ib- i?2 bi2�/v bi�i2 ;`Qri? `�i2b �`2
bBKTHv 2[m�H i?2 `2b2�`+? 2zQ`i ;`Qri? `�i2bX A7 M2irQ`F 2z2+ib �`2
BM+Hm/2/- i2+?MQHQ;v R Bb ;`QrBM; 7�bi2` BM bi2�/v bi�i2 bBM+2 Bi /`�rb
FMQrH2/;2 7`QK i2+?MQHQ;v k r?B+? 2tT2`B2M+2b ?B;?2` `2b2�`+? 27@
7Q`i ;`Qri?X AM +QMi`�bi- 7Q` i2+?MQHQ;v k i?2 bi2�/v bi�i2 ;`Qri?
`�i2 Bb HQr2` /m2 iQ i?2 M2irQ`F 2z2+ibX h?2 #H�+F �``Qrb BM/B+�i2
?Qr i?2 bi2�/v bi�i2 Q7 i?2 bvbi2K KQp2b B7 `2b2�`+? 2zQ`i ;`Qri? λ1
Bb /Qm#H2/ iQ λ′1 = 0.04- #mi H2�pBM; λ2 = 0.05 mM+?�M;2/X AM i?2 H27i
T�M2H- i?Bb BM+`2�b2b QMHv i?2 bi2�/v bi�i2 ;`Qri? `�i2 7Q` i2+?MQHQ;v
k- #mi H2�p2b i2+?MQHQ;v k mM�z2+i2/X AM i?2 `B;?i T�M2H r?2`2 M2i@
rQ`F 2z2+ib �`2 BM+Hm/2/ #Qi? i2+?MQHQ;B2b #2M2}i 7`QK i?2 BM+`2�b2
BM `2b2�`+? 2zQ`i BM i2+?MQHQ;v RX h?2 `2/ /�b?2/ HBM2 b?Qrb i?2
i`�D2+iQ`v Q7 i?2 bi2�/v bi�i2 �b � 7mM+iBQM Q7 λ1X

hQ b22 i?2 /Bz2`2M+2 #2ir22M i?2 M2irQ`F@/2T2M/2Mi
KQ/2H �M/ � bBKTH2 2M/Q;2MQmb ;`Qri? KQ/2H p2`bBQM
rBi?Qmi M2irQ`F 2z2+ib- H2i mb �bbmK2 i?�i r2 +QmH/ BM@
+`2�b2 i?2 +QMbi�Mi ;`Qri? `�i2 Q7 `2b2�`+? 2zQ`i BM � i2+?@
MQHQ;v i 7`QK λi iQ λ′i X qBi?Qmi M2irQ`F 2z2+ib- i?Bb rQmH/
bBKTHv BM+`2�b2 i?2 ;`Qri? `�i2 Q7 i #v α(λ′i − λi)/(1 − β)
rBi? MQ BKT�+i QM Qi?2` i2+?MQHQ;B2bX u2i B7 M2irQ`F 27@
72+ib �`2 BM+Hm/2/- i?Bb BMBiB�H BM+`2�b2 Q7 iǶb ;`Qri? `�i2 rBHH
�HbQ BKT�+i M2B;?#Q`BM; i2+?MQHQ;B2b r?B+? /`�r mTQM i?2
FMQrH2/;2 biQ+F Q7 i- r?B+? BM im`M- rBHH �;�BM �z2+i i?2B`
/QrMbi`2�K M2B;?#Q`b �M/ bQ QMX A7 MQ/2 i TQBMib iQ �Mv Q7
i?2 �z2+i2/ i2+?MQHQ;B2b- Bi rBHH �;�BM 2tT2`B2M+2 � +?�M;2
BM Bib ;`Qri? `�i2 �M/ i`B;;2` i?2 T`Q+2bb �;�BMX q2 b22
i?�i i?2 +QMp2`;2M+2 UB7 �MvV iQ i?2 bi2�/v bi�i2 �7i2` �
b?Q+F BM i?2 `2b2�`+? 2zQ`i p�`B�#H2 Bb KQ`2 BMpQHp2/ B7 i?2
BMMQp�iBQM `�i2 Q7 � i2+?MQHQ;v /2T2M/b QM Qi?2` i2+?MQHQ@
;B2bX h?2 T?�b2 TQ`i`�Bib /2TB+i2/ BM 6B;X k pBbm�HBx2 ?Qr
� +?�M;2 BM `2b2�`+? 2zQ`ib BKT�+i BMMQp�iBQM /vM�KB+b BM
� bBKTH2 bvbi2K Q7 QMHv irQ i2+?MQHQ;B2b- QM2 rBi? M2irQ`F
2z2+ib U`B;?i T�M2HV �M/ QM2 rBi?Qmi UH27i T�M2HVX

jXkX *�HB#`�iBQM

q?BH2 i?2 /vM�KB+�H bvbi2K +�M ?�p2 � MQM@i`BpB�H i`�M@
bB2Mi- 7Q` bBKTHB+Biv r2 +�HB#`�i2 i?2 KQ/2H #�b2/ QM i?2
bi2�/v bi�i2 `2bmHib- mbBM; K�tBKmK HBF2HB?QQ/X hQ /Q bQ-
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r2 `27Q`KmH�i2 1[X U8V �b i?2 2+QMQK2i`B+ KQ/2H

gi,t =
ai

1 − βWii,t
+

β

1 − βWii,t

N∑

j=1

Wi j,tg j,t(1 − δi j) + εi,t, UeV

r?2`2 εi,t ∼ N(0,σ2) �M/ ai Bb +�Tim`BM; i?2 +QKTQbBi2 p�`B@
�#H2 αλiX

h?2 bT2+B}+�iBQM Bb `2H�i2/ iQ bT�iB�H 2+QMQK2i`B+ KQ/@
2Hb mbBM; T�M2H /�i� U1H?Q`bi- kyR9c q�M; �M/ um- kyR8V-
#mi i?2`2 �`2 �HbQ bB;MB}+�Mi /Bz2`2M+2bX hQ 2biBK�i2
i?2 T�`�K2i2`b- r2 i?2`27Q`2 /2`Bp2 �M 2biBK�iQ` r?B+?
Bb QmiHBM2/ BM KQ`2 /2i�BH BM �TT2M/Bt *X q2 �HHQr i?2
i2+?MQHQ;v M2irQ`F iQ #2 iBK2@p�`vBM;- bBM+2 r2 Q#b2`p2
+?�M;BM; +Bi�iBQM M2irQ`Fb Qp2` iBK2X AM i?2 bmTTH2K2M@
i�`v BM7Q`K�iBQM r2 T`2b2Mi `2bmHib Q7 2ti2MbBp2 `Q#mbiM2bb
+?2+Fb- +Qp2`BM; �Hi2`M�iBp2 KQ/2H bT2+B}+�iBQMb bm+? �b
mbBM; iBK2@}t2/ M2irQ`Fb �M/ bT�iB�H �miQ`2;`2bbBp2 KQ/@
2HbX h?2`2 r2 �HbQ +QMi`QH 7Q` 7m`i?2` TQbbB#H2 2tTH�M�iQ`v
p�`B�#H2b- bm+? �b i2+?MQHQ;B+�H /QK�BM bBx2bX

h?2 KQ/2H Bb /2`Bp2/ BM i2`Kb Q7 FMQrH2/;2 biQ+Fb
Ki,t =

∑t
τ=0 Pi,τ- #mi FMQrH2/;2 biQ+Fb ;`Qr p2`v bKQQi?Hv-

H2�pBM; HBiiH2 p�`B�M+2 iQ 2tTHQBi 7Q` 2biBK�iBM; i?2 T�`�K2@
i2`b Q7 BMi2`2biX AM i?2 bi2�/v bi�i2- ?Qr2p2`- #v /2}MBiBQM
;`Qri? `�i2b �`2 +QMbi�Mi Qp2` iBK2 rBi?BM 2�+? /QK�BMX
AM i?�i +�b2- i?2 U/2i2`KBMBbiB+V ;`Qri? `�i2b Q7 biQ+Fb �M/
~Qrb �`2 i?2 b�K2X h?mb- 7Q` 2KTB`B+�H +QMp2MB2M+2- r2
H2i gi,t := ln(Pi,t/Pi,t−τ) #2 i?2 τ@v2�` T�i2MiBM; ;`Qri? `�i2
Q7 i?2 i2+?MQHQ;v +H�bb i �i � iBK2 tX

q2 }i i?2 KQ/2H iQ i?2 r?QH2 iBK2 b2`B2b mT iQ kyRd
�M/ `2TQ`i i?2 2biBK�i2/ T�`�K2i2`b BM h�#H2 RX aBM+2 i?2
`2bmHib Q7 a2+iBQM k bm;;2bi p�`vBM; K�;MBim/2b Q7 M2irQ`F
2z2+ib 7Q` /Bz2`2Mi iBK2 H�;b- r2 2biBK�i2 i?2 T�`�K2i2`b
7Q` R@v2�`- 8@v2�` �M/ Ry@v2�` ;`Qri? `�i2b U+QHmKMb QM2
iQ i?`22- `2bT2+iBp2HvVX lMbm`T`BbBM;Hv- r2 }M/ `2b2�`+?
;`Qri? T�`�K2i2`b ai = αλi r?B+? �`2 TQbBiBp2 QM �p2`@
�;2 �M/ ?B;?2` 7Q` H�`;2` iBK2 H�;bX h?2 ?B;?Hv bB;MB}+�Mi
M2irQ`F T�`�K2i2` β Bb H�`;2- `�M;BM; 7`QK yX38 iQ yXN9-
/2T2M/BM; QM i?2 ;`Qri? `�i2 H�;X h?Bb p�Hm2 Bb H�`;2-
#2+�mb2 B7 β > 1- r2 rQmH/ 2tT2+i 2tTHQ/BM; /vM�KB+b
r?2`2 �M BM+`2�bBM; FMQrH2/;2 biQ+F H2�/b iQ 2p2` H�`;2`
;`Qri? `�i2bX β Bb bK�HH2`- #mi +HQb2 iQ QM2- 2t2KTHB7v@
BM; i?2 BKTQ`i�M+2 Q7 i?2 2tBbiBM; i2+?MQHQ;v M2irQ`F 7Q`
7mim`2 BMMQp�iBQM /vM�KB+bX

hQ 2tTHQ`2 i?2 M2irQ`F BKT�+i QM BMMQp�iBQM ;`Qri?
KQ`2 bvbi2K�iB+�HHv- r2 `2r`Bi2 i?2 /2`Bp2/ `2bmHi BM 1[X
U8V BMiQ K�i`Bt MQi�iBQM-

g∗ = αLλ, UdV

r?2`2 L :=
[I − βW

]−1X h?2 K�i`Bt `2T`2b2Mi�iBQM Bb mb27mH
�b Bi b?Qrb ?Qr i?2 HQM;@`mM i`�D2+iQ`v Q7 BMMQp�iBQM BM
� ;Bp2M i2+?MQHQ;B+�H /QK�BM /2T2M/b QM i?2 `2b2�`+? 27@
7Q`ib BM i?2 2MiB`2 i2+?MQHQ;B+�H 2+Qbvbi2KX AM T�`iB+mH�`-
B7 `2b2�`+? 2zQ`i Bb bm#D2+i iQ TQHB+v- r2 +�M mb2 1[X UdV
iQ bim/v irQ BMi2`2biBM; TQHB+v 2tT2`BK2MibX

6B`bi- 1[X UdV �HHQrb mb iQ B/2MiB7v i?2 F2v bmTTQ`i@
BM; i2+?MQHQ;B2b 7Q` 2�+? i2+?MQHQ;vX h?2 M�śp2 r�v iQ

.2T2M/2Mi p�`B�#H2, T�i2MiBM; ;`Qri?
UR@vV U8@vV URy@vV

�p2`�;2 âi yXyR yXyj yXy9
β̂ yX38∗∗∗ yXNj∗∗∗ yXN9∗∗∗

UyXyy8NV UyXyyeyV UyXyydeV
σ̂2 yXRy yXRN yXkN
GQ;@HBF2HB?QQ/ @Rj-j3j @8-9e9 @j-eRk
P#b2`p�iBQMb 9j-e8R 3-dj9 9-j93

LQi2, ∗∗∗T< 10−16

h�#H2 R, _2bmHib 7`QK 2biBK�iBM; i?2 2+QMQK2i`B+ M2irQ`F
KQ/2H U1[X eVX h?2 `2bmHib �`2 b?QrM 7Q` R@- 8@ �M/ Ry@v2�`
;`Qri? `�i2bX

7Qbi2` BMMQp�iBQM BM � i2+?MQHQ;v Bb iQ BM+`2�b2 `2b2�`+?
2zQ`ib BM i?2 T�`iB+mH�` i2+?MQHQ;B+�H /QK�BMX "mi 1[X
UdV b?Qrb i?�i FMQrH2/;2 ;`Qri? /2T2M/b �HbQ QM `2b2�`+?
BM Qi?2` i2+?MQHQ;B2b �M/ i?�i i?2`2 +QmH/ 2p2M #2 +�b2b
r?2`2 FMQrH2/;2 bTBHHQp2`b 7`QK `2b2�`+? BM Qi?2` i2+?@
MQHQ;B2b rBHH #2 KQ`2 #2M2}+B�H i?�M bBKTHv /2pQiBM; �/@
/BiBQM�H `2b2�`+? 2zQ`ib BM i?2 7Q+�H i2+?MQHQ;vǶb /QK�BM8X
EMQrH2/;2 bTBHHQp2`b 7`QK i2+?MQHQ;v j iQ i2+?MQHQ;v i �`2
K�/2 2tTHB+Bi r?2M HQQFBM; �i i?2 C�+Q#B�M K�i`Bt

∂g∗i
∂λ j
= αLi j. U3V

h?2 K�i`Bt 2H2K2Mi Li j i?2`27Q`2 BM7Q`Kb mb QM ?Qr Km+?
r2 rQmH/ 2tT2+i i?2 HQM;@i2`K BMMQp�iBQM ;`Qri? `�i2 Q7
i2+?MQHQ;v i iQ +?�M;2 �b � +QMb2[m2M+2 Q7 � K�`;BM�H
+?�M;2 BM i2+?MQHQ;v jX � H�`;2 `Qr bmK Q7 Qz@/B�;QM�H
2H2K2Mib ∑

j=1 Li j(1 − δi j) BM/B+�i2b � H�`;2 /2T2M/2M+2 Q7
i2+?MQHQ;v iǶb ;`Qri? QM 2ti2`M�H `2b2�`+? �+iBpBiB2bX P`@
/2`BM; i2+?MQHQ;B2b #�b2/ QM i?2B` bBx2 BM � ;Bp2M +QHmKM
vB2H/b � `�MFBM; 7`QK i?2 KQbi iQ H2�bi BKTQ`i�Mi bmTTQ`i@
BM; i2+?MQHQ;B2b 7Q` i?2 7Q+�H i2+?MQHQ;vX

�b � b2+QM/ TQHB+v 2tT2`BK2Mi- r2 +�M �bF ?Qr � bmb@
i�BM2/ +?�M;2 BM _�. BM � T�`iB+mH�` b2+iQ` �z2+ib i?2
HQM;@`mM ;`Qri? `�i2 Q7 i?2 2MiB`2 i2+?MQHQ;B+�H 2+Qbvb@
i2KX h?Bb +�M #2 `2H2p�Mi 7Q` � TQHB+v@K�F2` r?Q r�Mib
iQ /2pQi2 ?2` `2b2�`+? BMp2biK2Mib BM �M 2{+B2Mi K�MM2`X
6Q` 2t�KTH2- B7 � +?QB+2 ?�b iQ #2 K�/2 BM r?�i i2+?MQH@
Q;v iQ BMp2bi 7Q` 7Qbi2`BM; Qp2`�HH BMMQp�iBQM �+iBpBiB2b- i?2
/2+BbBQM +�M #2 bmTTQ`i2/ rBi? 1[X UdVX A7 �M 2+QMQKvǶb
iQi�H FMQrH2/;2 Bb i?2 bmK Q7 b2+iQ`�H FMQrH2/;2 biQ+Fb
Ktot(t) =

∑N
i=1 Ki(t)- i?2 ;`Qri? `�i2 Q7 i?2 iQi�H FMQrH2/;2

biQ+F +�M #2 2tT`2bb2/ �b gtot(t) =
∑N

i=1 gi(t) Ki(t)
Ktot(t)

X h?2 BK@
T�+i QM iQi�H FMQrH2/;2 ;`Qri? �b � +QMb2[m2M+2 Q7 � bmb@
i�BM2/ +?�M;2 BM `2b2�`+? 2zQ`i ;`Qri? BM � bBM;H2 /QK�BM

8 q?2M 2biBK�iBM; i?2 KQ/2H #�b2/ QM R@v2�` ;`Qri? `�i2b- r2
}M/ }p2 i2+?MQHQ;B2b rBi? H�`;2` Qz@/B�;QM�H 2Mi`B2b i?�M /B�;QM�H
2H2K2MibX �Hi?Qm;? i?2b2 i2+?MQHQ;B2b �`2 p2`v /Bz2`2Mi- `�M;BM;
7`QK KmHiBTm`TQb2 ?�M/ iQQHb U"k86V iQ 2K2`;2M+v T`Qi2+iBp2 +B`@
+mBi �``�M;2K2Mib U>yk>V- i?2v �HH `2Hv ?2�pBHv QM i?2 ;2M2`�H Tm`@
TQb2 i2+?MQHQ;v +H�bb �eR"- /B�;MQbBb- bm`;2`v �M/ B/2MiB}+�iBQM-
r?B+? 2t?B#Bib i?2 H�`;2bi /QrMbi`2�K bTBHHQp2`b- ∑

j Li j(1− δi j)- Q7 �HH
i2+?MQHQ;B2bX
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i Bb i?2M ;Bp2M #v

∂g∗tot

∂λ j
= α

N∑

i=1

Li j
Ki

K
+ αλ j

N∑

i=1

∂(Ki/K)
∂λ j

Li j. UNV

h?2 BKT�+i QM Qp2`�HH BMMQp�iBQM ;`Qri? Bb �;�BM � bmK
Q7 irQ +QKTQM2MibX h?2 }`bi T�`i BM i?2 bmK i�F2b i?2
7Q`K Q7 � QmiTmi KmHiBTHB2`- �M�HQ;Qmb iQ i?2 QmiTmi KmHiB@
THB2` BM BMTmi@QmiTmi 2+QMQKB+bX AM +QMi`�bi iQ i`�/BiBQM�H
BMTmi@QmiTmi 2+QMQKB+b UG2QMiB27- RNjec JBHH2` �M/ "H�B`-
kyyNV- ?Qr2p2`- i?2 QmiTmi KmHiBTHB2` ?�b iQ #2 r2B;?i2/
rBi? i?2 `2H�iBp2 /QK�BM bBx2b bBM+2 i?2 KQ/2H Bb BM ;`Qri?
`�i2b BMbi2�/ Q7 H2p2HbX AM+`2�bBM; `2b2�`+? 2zQ`ib BM � /Q@
K�BM rBi? � ?B;? r2B;?i2/ QmiTmi KmHiBTHB2` 2Mi�BHb H�`;2
TQbBiBp2 2z2+ib QM Qp2`�HH BMMQp�iBQM `�i2bX h?2 b2+QM/
T�`i BM i?2 bmK �++QmMib 7Q` i?2 7�+i i?�i i?2 r2B;?ib
i?2Kb2Hp2b +?�M;2 /m2 iQ +?�M;2b BM `2b2�`+? 2zQ`iX

9X S`2/B+iBM; BMMQp�iBQM `�i2b

h?2 2KTB`B+�H 2pB/2M+2 7Q` M2irQ`F 2z2+ib QM BMMQp�@
iBQM /vM�KB+b Bb bi`QM;X AM i?Bb b2+iBQM r2 i�F2 �/p�Mi�;2
Q7 i?Bb }M/BM; iQ i2bi i?2 T`2/B+iBp2 TQr2` Q7 i?2 2biB@
K�i2/ M2irQ`F KQ/2HX q2 mb2 i?2 KQ/2H iQ K�F2 Qmi@
Q7@b�KTH2 7Q`2+�bib Q7 T�i2MiBM; H2p2Hb �M/ 2p�Hm�i2 i?2B`
T2`7Q`K�M+2 #v +QKT�`BM; i?2K rBi? T`2/B+iBQMb #�b2/ QM
iBK2 b2`B2b KQ/2Hb r?B+? /Q MQi BM+Q`TQ`�i2 M2irQ`F 27@
72+ib 2tTHB+BiHvX q2 i2bi i?2 M2irQ`F KQ/2H BM irQ b2T�`�i2
T`2/B+iBQM 2t2`+Bb2bX AM i?2 }`bi T`2/B+iBQM 2t2`+Bb2 r2 �bF
r?2i?2` FMQrH2/;2 QM BMMQp�iBQM /vM�KB+b �`QmM/ � 7Q+�H
i2+?MQHQ;v +�M ?2HT T`2/B+iBM; Bib ;`Qri? `�i2bX P` iQ Tmi
Bi /Bz2`2MiHv- +QM/BiBQM�H QM ;`Qri? `�i2b Q7 i′b M2B;?#Q`b-
r?�i Bb i′b ;`Qri? `�i2\ q2 +�HH i?2b2 i?2 +QM/BiBQM�H 7Q`2@
+�bibX hQ K�F2 i?Bb KQ`2 T`2+Bb2- r2 /2}M2 i?2 +QM/BiBQM�H
T`2/B+iQ` �b

ĝcond.
i,t+τ :=

âi

1 − β̂Wii,t
+

β̂

1 − β̂Wii,t

N∑

j=1

Wi j,tg j,t+τ(1 − δi j). URyV

q2 �HbQ K�F2 7Q`2+�bib r?2`2 r2 /Q MQi �bbmK2 FMQrH2/;2
QM i?2 M2B;?#Q`bǶ ;`Qri? `�i2b- �M/ mb2 QMHv BM7Q`K�iBQM
�p�BH�#H2 mT iQ tX q2 +�HH i?2b2 i?2 mM+QM/BiBQM�H 7Q`2+�bibX
�b 2tTH�BM2/ BM /2i�BH BM �TT2M/Bt .- T`2/B+iBQMb BM i?Bb
+�b2 �`2 #�b2/ QM i?2 2biBK�iQ`

ĝuncond.
t+τ :=




k′∑

k=0

β̂kWk
t


 â ≈ L(β̂)â, URRV

r?2`2 i?2 �TT`QtBK�iBQM Bb 2t�+i BM +�b2 k′ → ∞X h?2 T`2@
/B+iBQMb �`2 2bb2MiB�HHv �;MQbiB+ rBi? `2bT2+i iQ i?2 mb2/
i2+?MQHQ;v M2irQ`FX q?BH2 Qm` 7Q+mb HB2b QM FMQrH2/;2
bTBHHQp2`b- i?2 KQ/2H Bb 2�bBHv 2ti2M/�#H2 iQ �Hi2`M�iBp2
i2+?MQHQ;B+�H /Bbi�M+2 K2�bm`2b- bm+? �b +Q@+H�bbB}+�iBQM
Q` +Q@+Bi�iBQMb M2irQ`FbX

h?2 7Q`2+�bib Q7 #Qi? T`2/B+iBQM 2t2`+Bb2b �`2 +QKT�`2/
iQ i?2 7Q`2+�bib Q#i�BM2/ 7`QK bi�M/�`/ �_AJ�Up-R-qV

iBK2 b2`B2b KQ/2Hb

gi,t = νi +

p∑

s=0

φi,sgi,t−s +

q∑

s=0

ψi,sui,t−s + ui,t, URkV

r?2`2 φi,0 = ψi,0 = 0X LQi2 i?�i �M �_AJ� bBKTHv `2/m+2b
iQ � ;2QK2i`B+ `�M/QK r�HF B7 p = q = 0X �b /Bb+mbb2/ BM
KQ`2 /2Ti? BM i?2 �TT2M/Bt .- r2 +?QQb2 p- q �M/ k′ bm+?
i?�i i?2 KQ/2Hb vB2H/ i?2 #2bi 7Q`2+�biBM; T2`7Q`K�M+2 BM �
p�HB/�iBQM b2iX h?2 +?Qb2M T�`�K2i2`b �`2 b?QrM BM /2i�BH
BM i?2 bmTTH2K2Mi�`v BM7Q`K�iBQMX LQi2 i?�i T`2/B+iBQMb
7`QK i?2 �_AJ� KQ/2H �`2 i?2 b�K2 7Q` #Qi? T`2/B+iBQM
2t2`+Bb2b- bBM+2 ?2`2 7Q`2+�bib 7Q` � bT2+B}+ /QK�BM i �`2
+QKTH2i2Hv BM/2T2M/2Mi Q7 Qi?2` /QK�BMbX

q2 2biBK�i2 �HH KQ/2Hb #�b2/ QM i?2 /�i� #2ir22M RN9d
�M/ kyyk �M/ mb2 i?2 `2bmHi iQ T`2/B+i v2�`Hv T�i2MiBM;
7`QK kyyj iQ kyRdX hQ �bb2bb i?2 T`2/B+iBp2 T2`7Q`K�M+2
Q7 i?2 M2irQ`F KQ/2Hb- r2 +�H+mH�i2 i?2 T`2/B+i�#BHBiv ;�BM
7Q` 2�+? v2�` �M/ i2+?MQHQ;v �b

PGi,t =
|Pi,t − P̂ARIMA

i,t |
Pi,t

−
|Pi,t − P̂network

i,t |
Pi,t

, URjV

r?2`2 P̂ARIMA
i,t /2MQi2b i?2 T`2/B+i2/ MmK#2` Q7 T�i2Mib

7`QK i?2 �_AJ� KQ/2H �M/ P̂network
i,t i?2 T`2/B+iBQMb 7`QK

i?2 M2irQ`F KQ/2HbX 1[X URjV Bb bBKTHv i?2 /Bz2`2M+2
#2ir22M �#bQHmi2 T2`+2Mi�;2 2``Q`b 7`QK i?2 �_AJ� �M/
i?2 M2irQ`F KQ/2H T`2/B+iBQMbX

q?2M i�FBM; iBK2 �p2`�;2b Q7 1[X URjV 7Q` 2�+? iBK2
b2`B2b- r2 }M/ 7Q` 3eW Q7 i2+?MQHQ;B2b TQbBiBp2 K2�M T`2@
/B+i�#BHBiv ;�BMb BM i?2 +QM/BiBQM�H 7Q`2+�bibX AM i?2 mM@
+QM/BiBQM�H 7Q`2+�bib- r2 ;2i TQbBiBp2 T`2/B+i�#BHBiv ;�BMb
BM ejWX h?2 `2bmHi HQQFb bBKBH�` r?2M i�FBM; iBK2 K2/B@
�Mb BMbi2�/ Q7 �p2`�;2b r?2`2 r2 }M/ TQbBiBp2 T`2/B+i�#BH@
Biv ;�BMb 7Q` 39W Q7 �HH +QM/BiBQM�H 7Q`2+�bib �M/ 7Q` ekW
Q7 mM+QM/BiBQM�H 7Q`2+�bibX 6Q` 2�+? i2+?MQHQ;v- r2 �HbQ
+QM/m+i � QM2@bB/2/ i@i2bi iQ +?2+F B7 i?2 T`2/B+i�#BHBiv
;�BMb �`2 bB;MB}+�MiHv ;`2�i2` i?�M x2`QX q2 }M/ i?�i
T`2/B+i�#BHBiv ;�BMb �`2 bB;MB}+�MiHv H�`;2` i?�M x2`Q UQM
i?2 8W H2p2H, MQi2 i?�i r2 ?�p2 QMHv R8 Q#b2`p�iBQMb T2`
b2`B2bV BM eNW Q7 �HH +�b2b 7Q` i?2 +QM/BiBQM�H 7Q`2+�bib �M/
BM 9RW 7Q` mM+QM/BiBQM�H 7Q`2+�bibX PM i?2 Qi?2` ?�M/-
QMHv eW Q7 �HH iBK2 b2`B2b �`2 7QmM/ iQ ?�p2 bB;MB}+�MiHv
M2;�iBp2 T`2/B+i�#BHBiv ;�BMb BM i?2 +QM/BiBQM�H 7Q`2+�biBM;
b2imT �M/ R3W BM i?2 mM+QM/BiBQM�H QM2X

h?2 �p2`�;2 T`2/B+i�#BHBiv ;�BMb 7Q` 2�+? v2�` �`2 b?QrM
BM 6B;X j- /2KQMbi`�iBM; i?2 bm#bi�MiB�H T`2/B+iBp2 TQr2`
Q7 M2irQ`F KQ/2HX AM i?2 +QM/BiBQM�H 7Q`2+�bib- i?2 T`2@
/B+i�#BHBiv ;�BM Bb `2H�iBp2Hv bK�HH 7Q` QM2 v2�` ;`Qri? `�i2b
U≈ 3%V- #mi `2�+?2b � K�tBKmK Q7 `Qm;?Hv ejW BM kyyNX
LQi2 i?�i B7 � i2+?MQHQ;vǶb 2pQHmiBQM Bb MQi BM~m2M+2/ #v Bib
bm``QmM/BM; i2+?MQHQ;B+�H 2+Qbvbi2K- r2 rQmH/ MQi 2tT2+i
�Mv bvbi2K�iB+ T`2/B+i�#BHBiv ;�BM �i �HHX P#pBQmbHv- Bi Bb
?�`/2` iQ #2�i i?2 �_AJ� KQ/2Hb BM i?2 mM+QM/BiBQM�H
7Q`2+�biBM; b+2M�`BQ r?2`2 MQ BM7Q`K�iBQM QM 7mim`2 BMMQ@
p�iBQM /vM�KB+b Q7 M2B;?#Q`BM; i2+?MQHQ;B2b Bb �p�BH�#H2X
L2p2`i?2H2bb- i?2 M2irQ`F KQ/2H T2`7Q`Kb bB;MB}+�MiHv

e



●

●

●

●

●

●
●

●
●

●

●

●
● ●

●

0

20

40

60

2003 2005 2007 2009 2011 2013 2015 2017

Av
er

ag
e 

pr
ed

ic
ta

bi
lit

y 
ga

in
 (%

)

● Conditional
Unconditional

6B;m`2 j, �p2`�;2 T`2/B+i�#BHBiv ;�BM BM W- ∑
i PGit/N- Qp2` �_AJ�

iBK2 b2`B2b KQ/2Hb 7Q` i?2 +QM/BiBQM�H U1[X RyV �M/ mM+QM/BiBQM�H
7Q`2+�bib U1[X RRVX _2bmHib �`2 #�b2/ QM 7Q`2+�bib K�/2 BM kyyk 7Q`
2�+? v2�` BM i?2 7mim`2X LQi2 i?�i +QM/BiBQM�H 7Q`2+�bib mb2 7mim`2
BM7Q`K�iBQM QM M2B;?#Q`?QQ/ ;`Qri? `�i2bX a?�/2/ �`2�b BM/B+�i2
irB+2 i?2 bi�M/�`/ 2``Q`bX

#2ii2` 2p2`v bBM;H2 v2�`- rBi? �M �p2`�;2 T`2/B+i�#BHBiv
;�BM Q7 �`QmM/ kyWX AM i?2 bmTTH2K2Mi�`v BM7Q`K�iBQM
r2 BMp2biB;�i2 7m`i?2` �bT2+ib Q7 i?2 T`2/B+i�#BHBiv ;�BM
/Bbi`B#miBQM �M/ T`2b2Mi `2bmHib 7Q` �Hi2`M�iBp2 7Q`2+�biBM;
#2M+?K�`FbX

h?2 `2bmHib Q7 i?2 T`2/B+iBQM 2t2`+Bb2b �// 7m`i?2` bmT@
TQ`i iQ i?2 �M�HvbBb Q7 i?2 T`2pBQmb b2+iBQMbX AMMQp�iBQM
`�i2b �`2 M2irQ`F@/2T2M/2Mi- �M/ ?�pBM; FMQrH2/;2 QM i?2
i2+?MQHQ;v M2irQ`F ?2HTb BKT`QpBM; 7Q`2+�bib Q7 T�i2MiBM;
/vM�KB+bX

8X .Bb+mbbBQM

q2 ?�p2 T`QpB/2/ 2pB/2M+2 i?�i i2+?MQHQ;B+�H /QK�BMb
+Q@2pQHp2 B7 i?2v �`2 HBMF2/ i?`Qm;? i?2 T�i2Mi +Bi�iBQM
M2irQ`FX h?Bb 2KTB`B+�H Q#b2`p�iBQM +�M #2 2tTH�BM2/
rBi? � bBKTH2 KQ/2H Q7 M2irQ`F@/2T2M/2Mi FMQrH2/;2 +`2@
�iBQMX JQiBp�i2/ #v i?2 `2+m`bBp2 M�im`2 Q7 i?2 BMMQp�@
iBQM T`Q+2bb- i2+?MQHQ;B2b i�F2 �/p�Mi�;2 Q7 /BbiBM+i FMQrH@
2/;2 bQm`+2b BM i?2 i2+?MQHQ;B+�H 2+Qbvbi2KX q2 �HbQ p�H@
B/�i2/ i?2 KQ/2H #v K�FBM; Qmi@Q7@b�KTH2 T`2/B+iBQM Q7
;`Qri? `�i2b- +QM/BiBQM�H �M/ mM+QM/BiBQM�H Q7 M2B;?#Q`@
BM; ;`Qri? `�i2bX q2 ?�p2 b?QrM i?�i i?2 M2irQ`F KQ/2H
BKT`Qp2b 7Q`2+�bib Q7 T�i2MiBM; ;`Qri? `�i2b bm#bi�MiB�HHv
r?2M +QKT�`2/ iQ bi�M/�`/ iBK2 b2`B2b KQ/2HbX h?mb- i?2
M2irQ`F Q7 i2+?MQHQ;B+�H BMi2`/2T2M/2M+B2b Bb BM7Q`K�iBp2
7Q` BM72``BM; 7mim`2 T�i2MiBM; /vM�KB+bX

Ai Bb �HbQ BKTQ`i�Mi iQ TQBMi Qmi i?2 HBKBi�iBQMb �M/
+�p2�ib Q7 Qm` �M�HvbBbX "v F22TBM; i?2 MmK#2` Q7 MQ/2b
}t2/ BM i?2 i2+?MQHQ;B+�H M2irQ`F- r2 B;MQ`2/ i?2 2K2`@
;2M+2 Q7 #`2�Fi?`Qm;? i2+?MQHQ;B2bX AM Qm` �TT`Q�+?- i2+?@
MQHQ;B+�H /QK�BMb �`2 i�F2M �b ;Bp2M �M/ r2HH@/2}M2/ #v

i?2 H�i2bi i2+?MQHQ;v +H�bbB}+�iBQM bvbi2KX "mi i2+?MQHQ;@
B+�H +H�bbB}+�iBQMb i?2Kb2Hp2b �`2 bm#D2+i iQ 2pQHmiBQM�`v
7Q`+2b 2K2`;BM; 7`QK i?2 +?�M;BM; i2+?MQHQ;B+�H #�b2 UG�@
7QM/ �M/ EBK- kyRNVX L2r i2+?MQHQ;v +H�bb2b �`2 +`2�i2/-
QH/ QM2b K2`;2 Q` �`2 �#�M/QM2/ �M/ BMMQp�iBQMb +�M #2
`2+H�bbB}2/ Ĝ K2+?�MBbKb r?B+? r2`2 MQi K�/2 2tTHB+Bi BM
i?Bb rQ`FX

AM Qm` 2KTB`B+�H 7`�K2rQ`F- r2 �HHQr2/ i?2 i2+?MQHQ;v
M2irQ`F iQ p�`v BM iBK2- #mi r2 /B/ MQi KQ/2H i?Bb 2tTHB+@
BiHvX �M BMi2`2biBM; �p2Mm2 7Q` 7mim`2 `2b2�`+? Bb iQ ;�BM
� #2ii2` mM/2`bi�M/BM; Q7 i?2 K2+?�MBbKb /`BpBM; i?2b2
`2rB`BM; T`Q+2bb2bX 6m`i?2`KQ`2- Bi rQmH/ #2 BKTQ`i�Mi
iQ mM/2`bi�M/ ?Qr T�i2MiBM; �+iBpBiv �M/ i2+?MQHQ;v M2i@
rQ`F K2i`B+b bm+? �b +2Mi`�HBiv i`�MbH�i2 BMiQ +Qbi `2/m+@
iBQMb Q7 i2+?MQHQ;B2b U6�`K2` �M/ G�7QM/- kyRec h`BmHxB
2i �HX- kyR3VX 6BM�HHv- �MQi?2` BMi2`2biBM; /B`2+iBQM Q7 `2@
b2�`+? Bb iQ 7m`i?2` BMp2biB;�i2 i?2 BMi2`�+iBQM Q7 M2irQ`F@
/2T2M/2Mi BMMQp�iBQM /vM�KB+b rBi? i?2 `2�H 2+QMQKv #v
+QmTHBM; BMMQp�iBQM M2irQ`F rBi? BMTmi@QmiTmi M2irQ`FbX
h?Bb +QmH/ BHHmKBM�i2 M2r �bT2+ib Q7 ?Qr bi`m+im`�H +?�M;2
?�TT2Mb BM i?2 2+QMQKv �M/ BKT`Qp2 2+QMQKB+ 7Q`2+�bibX

q2 +QM+Hm/2 #v /Bb+mbbBM; i?2 TQHB+v BKTHB+�iBQMb Q7
Qm` �M�HvbBbX aBM+2 BMMQp�iBQM /vM�KB+b BM i2+?MQHQ;B@
+�H /QK�BMb `2p2�H bi`QM; M2irQ`F /2T2M/2M+2- i?2 �HHQ@
+�iBQM Q7 `2b2�`+? `2bQm`+2b ?�b iQ +QMbB/2` i?2 2+Qbvbi2K
BM r?B+? i?2 7Q+�H /QK�BM Bb 2K#2//2/ BMX AMMQp�iBQM BM
� /QK�BM Bb MQi �M BbQH�i2/ T`Q+2bb- #mi `2bmHib 7`QK +QK@
TH2t K2+?�MBbKb BMpQHpBM; `2b2�`+? 2zQ`ib- BMbiBimiBQM�H
b2iiBM;b- �M/ i2+?MQHQ;B+�H BMi2`/2T2M/2M+B2bX 6�+BM; i?2
2MQ`KQmb +?�HH2M;2 Q7 i`�MbBiBQMBM; i?2 +m``2Mi 2+QMQKB+
bvbi2K iQ � HQr@+�`#QM 2+QMQKv- r2 rBHH M22/ bm#bi�MiB�H
BKT`Qp2K2Mib BM F2v HQr@+�`#QM i2+?MQHQ;B2b bm+? �b T?Q@
iQpQHi�B+b �M/ rBM/ 2M2`;vX "2ii2` mM/2`bi�M/BM; i?2B`
i2+?MQHQ;B+�H BMi2`/2T2M/2M+B2b 2K2`;BM; 7`QK i?2 i2+?MQ@
HQ;B+�H 2+Qbvbi2K �M/ K�FBM; Bi 7`mBi7mH 7Q` `2b2�`+? TQHB+v
rBHH #2 � +`m+B�H bi2T BM i?Bb /B`2+iBQMX

�+FMQrH2/;K2Mib

q2 �`2 ;`�i27mH iQ *?`BbiB�M .B2K- hQ`bi2M >2BM`B+?-
:BQ`;BQ h`BmHxB �M/ i?2 AL1h *QKTH2tBiv 1+QMQKB+b `2@
b2�`+? ;`QmT 7Q` ?2HT7mH /Bb+mbbBQMbX h?Bb rQ`F r�b bmT@
TQ`i2/ #v "�BHHB2 :BzQ`/- i?2 Pt7Q`/ J�`iBM S`Q;`�KK2
QM i?2 SQbi@*�`#QM h`�MbBiBQM- 1m`QT2�M lMBQMǶb >Q`B@
xQM kyky `2b2�`+? �M/ BMMQp�iBQM T`Q;`�KK2 mM/2` ;`�Mi
�;`22K2Mi LQX djy9kd U*PSkR _ASSG1aV �M/ S�`i@
M2`b 7Q` � L2r 1+QMQKvX h?Bb `2b2�`+? Bb #�b2/ mTQM
rQ`F bmTTQ`i2/ BM T�`i #v i?2 P{+2 Q7 i?2 .B`2+iQ` Q7
L�iBQM�H AMi2HHB;2M+2 UP.LAV- AMi2HHB;2M+2 �/p�M+2/ _2@
b2�`+? S`QD2+ib �+iBpBiv UA�_S�V- pB� +QMi`�+i MQX kyRN@
RNykyRyyyjX h?2 pB2rb �M/ +QM+HmbBQMb +QMi�BM2/ ?2`2BM
�`2 i?Qb2 Q7 i?2 �mi?Q`b �M/ b?QmH/ MQi #2 BMi2`T`2i2/
�b M2+2bb�`BHv `2T`2b2MiBM; i?2 Q{+B�H TQHB+B2b- 2Bi?2` 2t@
T`2bb2/ Q` BKTHB2/- Q7 P.LA- A�_S�- Q` i?2 lXaX :Qp2`M@
K2MiX h?2 lXaX :Qp2`MK2Mi Bb �mi?Q`Bx2/ iQ `2T`Q/m+2
�M/ /Bbi`B#mi2 `2T`BMib 7Q` ;Qp2`MK2Mi�H Tm`TQb2b MQirBi?@
bi�M/BM; �Mv +QTv`B;?i �MMQi�iBQM i?2`2BMX

d



_272`2M+2b
�+2KQ;Hm .- �F+B;Bi l- E2`` q_X AMMQp�iBQM M2irQ`FX S`Q+22/BM;b

Q7 i?2 L�iBQM�H �+�/2Kv Q7 a+B2M+2b kyRecRRjU9RV,RR93jĜ3X /QB,RyX
RydjfTM�bXReRj88NRRjX

�;?BQM S- >QrBii SX � KQ/2H Q7 ;`Qri? i?`Qm;? +`2�iBp2 /2bi`m+iBQMX
h2+?MB+�H _2TQ`ic L�iBQM�H "m`2�m Q7 1+QMQKB+ _2b2�`+?c RNNyX
/QB,RyXjj3efrjkkjX

�HbiQii C- h`BmHxB :- u�M "- GmQ CX J�TTBM; i2+?MQHQ;v bT�+2 #v
MQ`K�HBxBM; T�i2Mi M2irQ`FbX a+B2MiQK2i`B+b kyRdcRRyURV,99jĜdNX
/QB,RyXRyydfbRRRNk@yRe@kRyd@vX

�Mb2HBM GX aT�iB�H 2+QMQK2i`B+b, K2i?Q/b �M/ KQ/2HbX pQHmK2 9X
aT`BM;2` a+B2M+2 � "mbBM2bb J2/B�- kyRjX

�`Kbi`QM; CaX GQM;@_�M;2 6Q`2+�biBM;, 6`QK *`vbi�H "�HH iQ *QK@
Tmi2`X pQHmK2 kX qBH2v- RN38X

�`i?m` q"X h?2 M�im`2 Q7 i2+?MQHQ;v, q?�i Bi Bb �M/ ?Qr Bi 2pQHp2bX
aBKQM �M/ a+?mbi2`- kyyNX

"�;H2v _C- 6�`K2` C.- 6QMi�M� qX 1pQHmiBQM Q7 � K2i�#QHBbKX
�`iB}+B�H HB72 AA RNNkcRy,R9RĜ83X

*Qr�M _- CQM�`/ LX h?2 /vM�KB+b Q7 +QHH2+iBp2 BMp2MiBQMX CQm`M�H
Q7 1+QMQKB+ "2?�pBQ` � P`;�MBx�iBQM kyyjc8kU9V,8RjĜjkX /QB,RyX
RyRefayRed@ke3RUyjVyyyNR@sX

1H?Q`bi CSX aT�iB�H 1+QMQK2i`B+b, 6`QK *`Qbb@a2+iBQM�H .�i� iQ
aT�iB�H S�M2HbX pQHmK2 9dNX aT`BM;2`- kyR9X

1`im` *- EQ+? qX :`Qri?- i2+?MQHQ;B+�H BMi2`/2T2M/2M+2 �M/ bT�iB�H
2ti2`M�HBiB2b, i?2Q`v �M/ 2pB/2M+2X CQm`M�H Q7 �TTHB2/ 1+QMQK2i@
`B+b kyydckkUeV,RyjjĜekX /QB,RyXRyykfD�2XNejX

6�`K2` C.- E�mzK�M a�- S�+F�`/ L>X �miQ+�i�HviB+ `2THB+�iBQM Q7
TQHvK2`bX S?vbB+� ., LQMHBM2�` S?2MQK2M� RN3eckkUR@jV,8yĜedX

6�`K2` C.- G�7QM/ 6X >Qr T`2/B+i�#H2 Bb i2+?MQHQ;B+�H T`Q;`2bb\
_2b2�`+? SQHB+v kyRec98UjV,e9dĜe8X /QB,RyXRyRefDX`2bTQHXkyR8XRRX
yyRX

6BMF h- _22p2b JX >Qr Km+? +�M r2 BM~m2M+2 i?2 `�i2 Q7 BMMQp�iBQM\
a+B2M+2 �/p�M+2b kyRNc8URV,2��ieRydX /QB,RyXRRkefb+B�/pX��ieRydX

6H2KBM; GX _2+QK#BM�Mi mM+2`i�BMiv BM i2+?MQHQ;B+�H b2�`+?X J�M@
�;2K2Mi a+B2M+2 kyyRc9dURV,RRdĜjkX /QB,RyXRk3dfKMb+X9dXRXRRdX
RyedRX

:`QbbK�M :J- >2HTK�M 1X Zm�HBiv H�//2`b BM i?2 i?2Q`v Q7 ;`Qri?X
h?2 _2pB2r Q7 1+QMQKB+ aim/B2b RNNRc83URV,9jĜeRX /QB,RyXkjydf
kkN3y99X

>�HH ">- J�B`2bb2 C- JQ?M2M SX J2�bm`BM; i?2 _2im`Mb iQ _�.X
AM, >�M/#QQF Q7 i?2 1+QMQKB+b Q7 AMMQp�iBQMX 1Hb2pB2`c pQHmK2 kc
kyRyX TX RyjjĜ3kX /QB,RyXRyRefayReN@dkR3URyVykyy3@jX

>Q *u- q�M; q- um CX AMi2`M�iBQM�H FMQrH2/;2 bTBHHQp2` i?`Qm;?
i`�/2, � iBK2@p�`vBM; bT�iB�H T�M2H /�i� �TT`Q�+?X 1+QMQKB+b
G2ii2`b kyR3cRek,jyĜjX /QB,RyXRyRefDX2+QMH2iXkyRdXRyXyR8X

C�BM a- E`Bb?M� aX � KQ/2H 7Q` i?2 2K2`;2M+2 Q7 +QQT2`�iBQM- BMi2`@
/2T2M/2M+2- �M/ bi`m+im`2 BM 2pQHpBM; M2irQ`FbX S`Q+22/BM;b Q7
i?2 L�iBQM�H �+�/2Kv Q7 a+B2M+2b kyyRcN3UkV,89jĜdX /QB,RyXRydjf
TM�bXN3XkX89jX

CQM2b *AX _�.@#�b2/ KQ/2Hb Q7 2+QMQKB+ ;`Qri?X CQm`M�H Q7 SQHBi@
B+�H 1+QMQKv RNN8cRyjU9V,d8NĜ39X /QB,RyXRy3efkekyykX

E�mzK�M a�X h?2 Q`B;BMb Q7 Q`/2`, a2H7@Q`;�MBx�iBQM �M/ b2H2+iBQM
BM 2pQHmiBQMX PlS la�- RNNjX

EƺMB; J.- "�iiBbiQM a- L�TQH2i�MQ J- a+?r2Bix2` 6X _2+QK#B@
M�Mi FMQrH2/;2 �M/ i?2 2pQHmiBQM Q7 BMMQp�iBQM M2irQ`FbX CQm`@
M�H Q7 1+QMQKB+ "2?�pBQ` � P`;�MBx�iBQM kyRRcdNUjV,R98Ĝe9X
/QB,RyXRyRefDXD2#QXkyRRXyRXyydX

G�7QM/ 6- EBK .X GQM;@`mM /vM�KB+b Q7 i?2 la T�i2Mi +H�b@
bB}+�iBQM bvbi2KX CQm`M�H Q7 1pQHmiBQM�`v 1+QMQKB+b kyRNc,RĜ
j9/QB,RyXRyydfbyyRNR@yR3@yeyj@jX

G2QMiB27 qqX Zm�MiBi�iBp2 BMTmi �M/ QmiTmi `2H�iBQMb BM i?2 2+Q@
MQKB+ bvbi2Kb Q7 i?2 lMBi2/ ai�i2bX h?2 _2pB2r Q7 1+QMQKB+b
�M/ ai�iBbiB+b RNjec,Ry8Ĝk8/QB,RyXkjydfRNkd3jdX

J�bm/� L- G�K#BQii2 _X � :mB/2 iQ h2KTQ`�H L2irQ`FbX qQ`H/
a+B2MiB}+- kyReX

J+L2`M2v C- 6�`K2` C.- _2/M2` a- h`�M+BF C1X _QH2 Q7 /2bB;M
+QKTH2tBiv BM i2+?MQHQ;v BKT`Qp2K2MiX S`Q+22/BM;b Q7 i?2 L�@
iBQM�H �+�/2Kv Q7 a+B2M+2b kyRRcRy3UkkV,Nyy3ĜRjX /QB,RyXRydjf
TM�bXRyRdkN3Ry3X

JBHH2` _1- "H�B` S.X AMTmi@QmiTmi �M�HvbBb, 7QmM/�iBQMb �M/ 2ti2M@
bBQMbX *�K#`B/;2 lMBp2`bBiv S`2bb- kyyNX

L�TQHBi�MQ G- 1p�M;2HQm 1- Sm;HB2b2 1- w2TTBMB S- _QQK :X h2+?@
MQHQ;v M2irQ`Fb, i?2 �miQ+�i�HviB+ Q`B;BMb Q7 BMMQp�iBQMX _Qv�H
aQ+B2iv PT2M a+B2M+2 kyR3c8UeV,Rdk998X /QB,RyXRyN3f`bQbXRdk998X

P`/ EX 1biBK�iBQM K2i?Q/b 7Q` KQ/2Hb Q7 bT�iB�H BMi2`�+iBQMX CQm`M�H
Q7 i?2 �K2`B+�M ai�iBbiB+�H �bbQ+B�iBQM RNd8cdyUj9NV,RkyĜeX

_QK2` .X �/p�M+2/ J�+`Q2+QMQKB+bX L2r uQ`F, J+:`�r@>BHH-
kyRkX

_QK2` SJX 1M/Q;2MQmb i2+?MQHQ;B+�H +?�M;2X CQm`M�H Q7 SQHBiB+�H
1+QMQKv RNNycN3U8fkV,dRĜRykX /QB,RyXRy3efkeRdk8X

a+?mKT2i2` C�X "mbBM2bb *v+H2bX L2r uQ`F, J+:`�r@>BHH "QQF
*QKT�Mv- RNjNX

h��H#B CX 1pQHmiBQM �M/ bi`m+im`2 Q7 i2+?MQHQ;B+�H bvbi2Kb@�M BMMQ@
p�iBQM QmiTmi M2irQ`FX �`sBp T`2T`BMi �`sBp,R3RRyeddk kyR3cX

h`B� 6- GQ`2iQ o- a2`p2/BQ o.S- ai`Q;�ix a>X h?2 /vM�KB+b Q7
+Q``2H�i2/ MQp2HiB2bX a+B2MiB}+ _2TQ`ib kyR9c9,83NyX /QB,RyXRyj3f
b`2Ty83NyX

h`BmHxB :- �HbiQii C- J�;22 *GX 1biBK�iBM; i2+?MQHQ;v T2`7Q`K�M+2
BKT`Qp2K2Mi `�i2b #v KBMBM; T�i2Mi /�i� kyR3c/QB,RyXkRjNfbb`MX
kN3d833X

lb?2` �SX � >BbiQ`v Q7 J2+?�MB+�H AMp2MiBQMX *�K#`B/;2- J�,
>�`p�`/ lMBp2`bBiv S`2bb- RN89X

q�M; q- um CX 1biBK�iBQM Q7 bT�iB�H T�M2H /�i� KQ/2Hb rBi? iBK2
p�`vBM; bT�iB�H r2B;?ib K�i`B+2bX 1+QMQKB+b G2ii2`b kyR8cRk3,N8Ĝ
NX /QB,RyXRyRefDX2+QMH2iXkyR8XyRXykRX

uQmM >- ai`mKbFv .- "2ii2M+Qm`i GJ- GQ#Q CX AMp2MiBQM �b � +QK#B@
M�iQ`B�H T`Q+2bb, 2pB/2M+2 7`QK la T�i2MibX CQm`M�H Q7 h?2 _Qv�H
aQ+B2iv AMi2`7�+2 kyR8cRkURyeV,RĜ3X /QB,RyXRyN3f`bB7XkyR8XykdkX

�TT2M/Bt �X h2KTQ`�H i2+?MQHQ;v M2irQ`F

h?2 i2+?MQHQ;v +Bi�iBQM K�i`Bt Ct r?B+? [m�MiB}2b
FMQrH2/;2 bTBHHQp2`b #2ir22M i2+?MQHQ;B2b �i 2�+? TQBMi BM
iBK2 Bb MQi /B`2+iHv Q#b2`p�#H2- #mi ?�b iQ #2 /2`Bp2/ 7`QK
i?2 T�i2Mi +Bi�iBQM K�i`Bt HtX q2 }`bi b?Qr 7Q` i?2 bi�iB+
+�b2 ?Qr bBKTH2 K�i`Bt �H;2#`� +�M #2 mb2/ iQ +QMbi`m+i
i2+?MQHQ;v M2irQ`Fb 7`QK T�i2Mi /�i�X G2i mb /2}M2 i?2
T�i2Mi +Bi�iBQM M2irQ`F H- r?2`2 Hpq Bb QM2 B7 T�i2Mi p
+Bi2b T�i2Mi q �M/ x2`Q Qi?2`rBb2X hQ Q#i�BM i?2 MmK#2`
Q7 +Bi�iBQMb #2ir22M i2+?MQHQ;B2b- i?2 T�i2Mi +Bi�iBQM K�@
i`Bt- H- ?�b iQ #2 T`QD2+i2/ QMiQ i?2 i2+?MQHQ;v bT�+2X h?2
T�i2Mib@i2+?MQHQ;v +H�bb `2H�iBQMb?BT +�M #2 `2T`2b2Mi2/ �b
� #BM�`v #BT�`iBi2 M2irQ`F r?2`2 i?2 HBMF B̃pi K2�Mb i?�i
T�i2Mi p #2HQM;b iQ i2+?MQHQ;v +H�bb iX h?Bb b2imT Bb mb27mH
7Q` /2`BpBM; i2+?MQHQ;v M2irQ`FbX h2+?MQHQ;B+�H /Bbi�M+2b
+�M #2 [m�MiB}2/ BM /Bz2`2Mi r�vb- 7Q` 2t�KTH2- rBi? +Q@
+H�bbB}+�iBQM M2irQ`Fb- +Q@+Bi�iBQM M2irQ`Fb Q` i2+?MQHQ;v
+Bi�iBQM M2irQ`FbX

� bBKTH2 QM2@KQ/2 T`QD2+iBQM Q7 i?2 #BT�`iBi2 M2irQ`F
QMiQ i?2 b2i Q7 *S* +H�bb2b r?B+? /Q2b MQi i�F2 i?2 +B@
i�iBQM K�i`Bt BMiQ �++QmMi vB2H/b i?2 +Q@+H�bbB}+�iBQM M2i@
rQ`F �M/ Bb ;Bp2M #v

C+Q@+H�bbB}+�iBQM = B̃)B̃. U�XRV

h?2 /B�;QM�H Q7 C+Q@+H�bbB}+�iBQM Bb i?2M bBKTHv i?2 +QmMi Q7
T�i2Mib BM � ;Bp2M /QK�BMX �b �Hi2`M�iBp2 K2�bm`2 Q7 i2+?@
MQHQ;B+�H /Bbi�M+2- i?2 +Q@+Bi�iBQM M2irQ`F +�M #2 /2`Bp2/
#v +QKTmiBM;

C+Q@+Bi�iBQM = (B̃H))B̃H. U�XkV

h?2 +Q@+Bi�iBQM M2irQ`F [m�MiB}2b ?Qr Q7i2M irQ i2+?MQH@
Q;v +Q/2b �`2 +Bi2/ iQ;2i?2`X
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aBM+2 r2 �`2 BMi2`2bi2/ BM i?2 FMQrH2/;2 ~Qrb #2ir22M
i2+?MQHQ;B2b- i?2 7Q+mb Q7 i?Bb rQ`F Bb i?2 i2+?MQHQ;v +Bi�@
iBQM M2irQ`F r?B+? +�M #2 Q#i�BM2/ �b

Ci2+?@+Bi�iBQM = B̃)HB̃. U�XjV

h?Bb T`QD2+iBQM vB2H/b � BMi2;2`@p�Hm2/ +Bi�iBQM K�i`Bt- #mi
BM~�i2b i?2 iQi�H MmK#2` Q7 +Bi�iBQMb BM i?2 i2+?MQHQ;v@
#�b2/ M2irQ`F B7 KmHiBTH2 i2+?MQHQ;v +H�bb2b �`2 �bbB;M2/
iQ � T�i2MiX

hQ F22T iQi�H MmK#2` Q7 +Bi�iBQMb +QMbi�Mi U∑i j Hi j =∑
i j Ci jV- r2 mb2 i?2 `Qr MQ`K�HBx2/ #BT�`iBi2 M2irQ`F BM

i?2 T`QD2+iBQMX LQi2 i?�i i?2 bmKKBM; �+`Qbb `Qrb ∑
i B̃pi

vB2H/b i?2 iQi�H MmK#2` Q7 *S* +H�bb2b T2` T�i2Mi p Ui?2
/2;`22 Q7 p BM i?2 #BT�`iBi2 M2irQ`FV �M/ i?2 MQ`K�HBx2/
2Mi`v Bpi := B̃pi/

∑
i B̃pi Bb i?2 ǳb?�`2Ǵ Q7 i2+?MQHQ;v i BM

T�i2Mi pX :Bp2M i?2 `Qr@MQ`K�HBx2/ #BT�`iBi2 M2irQ`F B-
r2 Q#i�BM i?2 i2+?MQHQ;v +Bi�iBQM K�i`Bt +QMbB/2`2/ BM i?2
�M�HvbBb #v

C = B)HB. U�X9V

6B;X �X9 BHHmbi`�i2b i?2 M2irQ`F T`QD2+iBQM BM � b+?2K�iB+
iQv 2t�KTH2X

6B;m`2 �X9, � iQv 2t�KTH2 Q7 i?2 QM2@KQ/2 T`QD2+iBQM BM 1[X U�X9VX
h?2 H27i M2irQ`F Bb � T�i2Mi +Bi�iBQM M2irQ`F H r?2`2 � /B`2+i2/
2/;2 7`QK i iQ j BM/B+�i2b i?�i T�i2Mi i +Bi2b jX h?2 M2irQ`F Bb
?B2`�`+?B+�H �b QH/2` T�i2Mib +�MMQi +Bi2 KQ`2 `2+2Mi T�i2MibX "2HQr
i?2 M2irQ`F i?2 +Q``2bTQM/BM; �/D�+2M+v K�i`Bt Bb b?QrMX AM i?2
KB//H2 Bb i?2 `Qr@MQ`K�HBx2/ #BT�`iBi2 T�i2Mi@+H�bbB}+�iBQM M2irQ`F
B rBi? bQK2 T�i2Mib U#Hm2V �bbB;M2/ iQ KmHiBTH2 i2+?MQHQ;v +H�bb2b
U`2/VX h?2 T`QD2+iBQM vB2H/b i?2 r2B;?i2/ �M/ /B`2+i2/ i2+?MQHQ;v
+Bi�iBQM M2irQ`F C rBi? b2H7@HQQTb b?QrM QM i?2 `B;?iX

hQ Q#i�BM � i2KTQ`�H `2T`2b2Mi�iBQM Q7 FMQrH2/;2 ~Qrb-
r2 BM/2t i?2 T�i2Mi +Bi�iBQM M2irQ`F #v iBK2- Ht- r?2`2
i?2 iBK2 BM/2t `272`b iQ i?2 +BiBM; T�i2MiX h?2 iBK2@
BM/2t2/ #BT�`iBi2 M2irQ`F Bt BM+Hm/2b �HH i?2 T�i2Mib r?B+?
+Bi2 �M/ ?�p2 #22M +Bi2/ �i iBK2 TQBMi t- �b r2HH �b i?2
+Q``2bTQM/BM; i2+?MQHQ;v +H�bb2bX h?2 iBK2 /2T2M/2Mi
i2+?MQHQ;v +Bi�iBQM K�i`Bt Ct Bb Q#i�BM2/ #v �TTHvBM; 1[X
U�X9V iQ i?2b2 K�i`B+2bX h?2 i2KTQ`�H M2irQ`F Wt `Qr@
MQ`K�HBx2b i?2 i2+?MQHQ;v +Bi�iBQM K�i`Bt �b b?QrM BM i?2
K�BM i2ti U1[X RVX h?2 ii? `Qr Q7 Wt +�M #2 BMi2`T`2i2/
�b i?2 i2+?MQHQ;B+�H `2HB�M+2 Q7 i2+?MQHQ;v i �i iBK2 t �b Bi
+QMi�BMb �HH i?2 HBMFb 7`QK T�i2Mib BM i iQ �HH Qi?2` i2+?@
MQHQ;v +H�bb2b �i i?2 T�`iB+mH�` iBK2 TQBMiX h?2 bi`m+im`�H

bi�#BHBiv Q7 i?2 M2irQ`F Bb BMp2biB;�i2/ 7m`i?2` BM i?2 bmT@
TH2K2Mi�`v BM7Q`K�iBQMX

�TT2M/Bt "X aB;MB}+�M+2 b�KTHBM;

h2+?MQHQ;v +Bi�iBQM M2irQ`Fb �`2 T`QM2 iQ #2 #B�b2/ /m2
iQ BKTBM;BM; 7�+iQ`b bm+? �b i?2 MmK#2` Q7 T�i2Mib BM �
+H�bb Q` i?2 �;2 Q7 T�i2MibX aBx2 2z2+ib +�M /`Bp2 i?2 MmK@
#2` Q7 +Bi�iBQMb #2ir22M i2+?MQHQ;B2b- #2+�mb2 i?2 2tT2+i2/
MmK#2` Q7 +Bi�iBQMb #2ir22M irQ i2+?MQHQ;B+�H +H�bb2b BM@
+`2�b2b rBi? i?2 MmK#2` Q7 T�i2Mib BM i?2 +H�bb2bX �MQi?2`
BKTQ`i�Mi bQm`+2 Q7 #B�b Bb i?2 �;2 Q7 � T�i2MiX � M2r
T�i2Mi KB;?i ?�p2 72r 7Q`r�`/ +Bi�iBQMb #2+�mb2 Qi?2` BM@
p2MiBQMb bBKTHv /B/ MQi ?�p2 i?2 iBK2 iQ +Bi2 i?2 T�i2MiX
hQ 2HBKBM�i2 i?2 bBx2 �M/ �;2 #B�b2b- �HbiQii 2i �HX UkyRdV
bm;;2bi �M �H;Q`Bi?K iQ b�KTH2 `�M/QK M2irQ`F `2�HBx�@
iBQMb +QM/BiBQM�H QM /QK�BM bBx2b �M/ T�i2Mi �;2bX h?2
�H;Q`Bi?K vB2H/b M2irQ`Fb r?B+? T`2b2`p2 i?2b2 BKTBM;BM;
7�+iQ`b- #mi �`2 `�M/QK Qi?2`rBb2X h?2 `�M/QK `2�HBx�@
iBQMb +�M i?2M #2 mb2/ iQ /2`Bp2 � x@b+Q`2 7Q` 2�+? HBMF BM
i?2 M2irQ`FX GBMFb #2ir22M i2+?MQHQ;B+�H /QK�BMb r?B+?
QM2 rQmH/ 2tT2+i #v +?�M+2- rBHH ?�p2 bK�HH x@b+Q`2b �M/
+�M #2 `2KQp2/X

h?2 `�M/QKBx2/ +QMi`QHb �`2 ;2M2`�i2/ �b 7QHHQrbX 6B`bi-
B/2MiB7v �HH +Bi�iBQMb rBi? � bT2+B}+ iBK2 H�; r?B+? ?�p2
#22M K�/2 BM � T�`iB+mH�` v2�`X �M 2t�KTH2 rQmH/ #2
iQ i�F2 �HH i?2 +Bi�iBQMb K�/2 #v T�i2Mib BM i?2 v2�`
kyyy r?B+? +Bi2 T�i2Mib i?`22 v2�`b 2�`HB2`X h?2M- b2+QM/-
`2b?m|2 �HH i?2 +Bi2/ T�i2MibX AM i?2 2t�KTH2- T�i2Mib Bb@
bm2/ BM kyyy rQmH/ TQBMi `�M/QKHv iQ i?2 b2i Q7 T�i2Mib
Bbbm2/ i?`22 v2�`b 2�`HB2`X G�`;2` +H�bb2b rBHH `2+2Bp2 KQ`2
+Bi�iBQMb QM �p2`�;2X LQi2 i?�i i?2 iQi�H MmK#2` Q7 +Bi�@
iBQMb 7Q` � ;Bp2M iBK2 H�; �`2 T`2b2`p2/ #v i?Bb T`Q+2/m`2X
"v `2T2�iBM; i?2 �H;Q`Bi?K K�Mv iBK2b- �M 2tT2+i2/ MmK@
#2` Q7 +Bi�iBQMb #2ir22M +H�bb2b +�M #2 /2`Bp2/- �b r2HH �b
i?2 bi�M/�`/ /2pB�iBQMX h?2 HBMF 2tT2+i�iBQMb �M/ bi�M@
/�`/ /2pB�iBQMb �`2 i?2M mb2/ iQ +QKTmi2 i?2 x@b+Q`2bX

a�KTHBM; � H�`;2 MmK#2` Q7 `�M/QK M2irQ`Fb 7Q` 2p@
2`v v2�` #2ir22M RN9d �M/ kyRd Bb +QKTmi�iBQM�HHv +QbiHvX
h?2`27Q`2- r2 �M�HviB+�HHv /2`Bp2 x@b+Q`2b 7Q` 2p2`v TQi2M@
iB�H BMi2`@/QK�BM HBMF �b bm;;2bi2/ #v �HbiQii 2i �HX UkyRdV
r?Q ?�p2 b?QrM i?�i i?2 �M�HviB+�H /2`Bp�iBQM �TT`QtB@
K�i2b i?2 MmK2`B+�H `�M/QKBx�iBQM T`Q+2bb p2`v r2HHX h?2
`�M/QKBx�iBQM T`Q+2/m`2 +�M #2 bi�i2/ �b /`�rBM; 7`QK �
?vT2`;2QK2i`B+ /Bbi`B#miBQMX _2+�HH i?�i � ?vT2`;2QK2i`B+
/Bbi`B#miBQM Bb i?2 T`Q#�#BHBiv Q7 Q#b2`pBM; � +2`i�BM MmK@
#2` Q7 bm++2bb2b BM n /`�rb- rBi?Qmi `2TH�+2K2Mi- 7`QK �
b�KTH2 Q7 bBx2 s +QMi�BMBM; k Q#D2+ib rBi? i?2 bm++2bb 72�@
im`2X

AM Qm` +QMi2ti- i?2 ?vT2`;2QK2i`B+ /Bbi`B#miBQM /2@
b+`B#2b i?2 T`Q#�#BHBiv Q7 Q#b2`pBM; � +2`i�BM MmK#2` Q7
+Bi�iBQMb 7`QK +H�bb i iQ +H�bb j �i t rBi? H�; lX G2i
mb /2MQi2 i?2 MmK#2` Q7 +Bi�iBQMb #2ir22M irQ +H�bb2b
�i t �M/ ;Bp2M H�; l rBi? Ci j,t(t−l)X h?2 b�KTH2 bBx2 s Bb
i?2M bBKTHv i?2 iQi�H MmK#2` Q7 BMi2`@/QK�BM +Bi�iBQMb-
st(t−l) =

∑
i, j Ci j,t(t−l)(1 − δi j)X h?2 MmK#2` Q7 /`�rb n +Q``2@

bTQM/b iQ i?2 MmK#2` Q7 +Bi�iBQMb K�/2 #v � ;Bp2M +H�bb
N



iX h?mb- ni,t−l =
∑

j!i Ci j,t(t−l)X h?2 MmK#2` Q7 bm++2bb2b
k Bb i?2 MmK#2` Q7 +Bi�iBQMb `2+2Bp2/ #v j �i t − l- BX2X
k j,t−l =

∑
i! j Ci j,t(t−l)X

h?2 2tT2+i2/ MmK#2` Q7 T�i2Mib 7`QK i iQ j �i t 7Q` �HH
TQbbB#H2 H�;b +�M i?2M #2 7QmM/ #v

E[Ci j,t] =
t−1836∑

l=0

k j,t−l

st−l
ni,t−l, U"XRV

�M/- #v �bbmKBM; BM/2T2M/2Mi `�M/QK p�`B�#H2b- i?2 bi�M@
/�`/ /2pB�iBQM Bb ;Bp2M #v

σi j,t =




t−1836∑

l=0

ni,t−l
k j,t−l

st−l

(
1 − k j,t−l

st−l

)
st−l − ni,t−l

st−l − 1




1/2

. U"XkV

6Q` 2�+? 2Mi`v BM i?2 +Bi�iBQM K�i`Bt r2 +�H+mH�i2 x@b+Q`2b
#�b2/ QM

zi j,t =
Ci j,t − E[Ci j,t]

σi j,t
. U"XjV

q2 2HBKBM�i2 �HH +Bi�iBQMb BM i?2 i2+?MQHQ;v +Bi�iBQM K�@
i`Bt Ct rBi? x@b+Q`2 bK�HH2` k- `Qm;?Hv +Q``2bTQM/BM; iQ
i?2 NdX8W [m�MiBH2 Q7 i?2 bi�M/�`/ MQ`K�H /Bbi`B#miBQMX
�b r2 b?Qr BM KQ`2 /2i�BH BM i?2 bmTTH2K2Mi�`v BM7Q`K�@
iBQM- i?2 bB;MB}+�M+2 b�KTHBM; vB2H/b bm#bi�MiB�HHv bT�`b2`
M2irQ`FbX

�TT2M/Bt *X 1biBK�iBQM Q7 M2irQ`F KQ/2H

h?2 2+QMQK2i`B+ M2irQ`F KQ/2H- 1[X UeV- Bb 2biBK�i2/
mbBM; K�tBKmK HBF2HB?QQ/ bBM+2 i?2 PGa 2biBK�iQ` Bb
#B�b2/ �M/ BM+QMbBbi2Mi /m2 iQ i?2 `2�bQMb QmiHBM2/ BM
�Mb2HBM UkyRjVX h?2 KQ/2H Bb `2H�i2/ iQ bT�iB�H �miQ`2@
;`2bbBp2 Ua�_V KQ/2Hb 7Q` T�M2H /�i�X "mi BM +QMi`�bi
iQ KQbi Qi?2` bT�iB�H 2+QMQK2i`B+ �TTHB+�iBQMb- Qm` KQ/2H
mb2b � iBK2@p�`vBM; M2irQ`F i2`K �M/ BM+Hm/2b /B�;QM�H
2H2K2Mib r?B+? +QKTHB+�i2 i?2 2biBK�iBQMX q2 `2bi�i2 i?2
2+QMQK2i`B+ KQ/2H BM K�i`Bt 7Q`K r?B+? rBHH T`Qp2 mb27mH
BM i?2 /2`Bp�iBQM Q7 i?2 2biBK�iQ`bX

h?2 KQ/2H �M/ Bib +Q``2bTQM/BM; /�i� ;2M2`�iBM; T`Q@
+2bb +�M #2 r`Bii2M �b

gt = Vta + βVtg̃t + εt, t ∈ {1, 2, ..., T }, U*XRV
gt =

[I − βWt
]−1 a +

[I − βWt
]−1 εt, U*XkV

εt ∼ N(0,σ2I),

r?2`2 i?2 K�i`Bt Vt = Vt(β) ∈ RN×N Bb /B�;QM�H rBi? 2H@
2K2Mib Vii,t := (1 − βWii,t)−1X gt- a- g̃t �M/ εt �`2 +QHmKM
p2+iQ`b Q7 H2M;i? NX h?2 ii? 2H2K2Mi Q7 g̃t Bb /2}M2/ �b
g̃i,t :=

∑N
j=1 Wi j,tg j,t(1 − δi j)X

h?2 HBF2HB?QQ/ 7mM+iBQM Bb ;Bp2M #v

GQ;G
(
(σ2, a, β)|{gt}

)
= U*XjV

− NT
2

ln(2πσ2) +
T∑

t=1

ln |I − βVtWt | −
1

2σ2

T∑

t=1

ε)t εt.

hQ }M/ i?2 M2irQ`F bT2+B}+ T�`�K2i2` β- r2 }`bi QTiBKBx2
i?2 HQ;@HBF2HB?QQ/ 7mM+iBQM rBi? `2bT2+i iQ σ2 �M/ aiX 6QH@
HQrBM; i?2 mbm�H T`Q+2/m`2 BM bT�iB�H �miQ`2;`2bbBp2 KQ/@
2Hb- r2 i?2M MmK2`B+�HHv QTiBKBx2 i?2 +QM+2Mi`�i2/ HQ;@
HBF2HB?QQ/ 7mM+iBQM rBi? `2bT2+i iQ β UP`/- RNd8c 1H?Q`bi-
kyR9c q�M; �M/ um- kyR8VX J�tBKBxBM; i?2 HQ;@HBF2HB?QQ/
7mM+iBQM rBi? `2bT2+i iQ σ2 �M/ ai vB2H/b i?2 7QHHQrBM; 2t@
T`2bbBQMb,

σ̂2 =

∑
t ε
)
t εt

NT
,

â =



∑

t

V2
t



−1 ∑

t

Vtgt − β


∑

t

V2
t



−1 ∑

t

V2
t g̃t.

"v THm;;BM; i?2 7QmM/ 2tT`2bbBQMb BMiQ 1[X U*XjV- r2
}M/ T�`�K2i2` β i?`Qm;? i?2 7QHHQrBM; QTiBKBx�iBQM T`Q#@
H2K

�`;K�t
β

constant +
T∑

t=1

ln |I − βVtWt | −
NT
2

ln
T∑

t=1

ε̃)t ε̃t,

U*X9V

rBi? ε̃t := gt − Vt
(∑

t V2
t

)−1 ∑
t Vtgt − βVt

(∑
t V2

t

)−1 ∑
t V2

t g̃tX
h?2 U�bvKTiQiB+V p�`B�M+2@+Qp�`B�M+2 K�i`Bt Bb Q#i�BM2/
�b i?2 6Bb?2` BM7Q`K�iBQM K�i`Bt- BX2X #v BMp2`iBM; i?2 Mm@
K2`B+�HHv +QKTmi2/ >2bbB�M Q7 i?2 M2;�iBp2 HQ;@HBF2HB?QQ/
7mM+iBQMX

�TT2M/Bt .X .2i�BHb QM T`2/B+iBQMb

6Q` #Qi? i?2 �_AJ� �M/ i?2 mM+QM/BiBQM�H M2irQ`F
KQ/2H 7Q`2+�bib r2 }M2@imM2 i?2 KQ/2Hb BM@b�KTH2 iQ
�+?B2p2 ;QQ/ Qmi@Q7@b�KTH2 7Q`2+�bib Q7 T�i2MiBM; H2p2HbX
�b 7`2[m2MiHv /QM2 BM bi�iBbiB+�H H2�`MBM;- r2 bTHBi i?2 /�i�
b2i BMiQ i?`22 T�`ib, � i`�BMBM; b2i URN93@RN3dV- � p�HB/�@
iBQM b2i URN33@kyykV �M/ � i2bi b2i Ukyyj@kyRdVX q2 }`bi
+�HB#`�i2 i?2 KQ/2Hb iQ i?2 i`�BMBM; b2i �M/ mb2 /Bz2`2Mi
bT2+B}+�iBQMb- �b QmiHBM2/ #2HQr- iQ T`2/B+i T�i2MiBM; BM
2p2`v /QK�BM BM i?2 p�HB/�iBQM b2iX q2 i?2M +?QQb2 i?2
KQ/2Hb r?B+? vB2H/ i?2 HQr2bi K2/B�M �#bQHmi2 T2`+2Mi@
�;2 2``Q` BM i?2 p�HB/�iBQM b2i 7Q`2+�bibX q2 mb2 K2/B�M
�#bQHmi2 T2`+2Mi�;2 2``Q`b Qp2` K2�M �#bQHmi2 T2`+2Mi�;2
2``Q`b- bBM+2 i?2 r2HH@FMQrM /QrMr�`/ #B�b Q7 i?2 K2�M
�#bQHmi2 T2`+2Mi�;2 2``Q` U�`Kbi`QM;- RN38V i2M/b iQ 7�pQ`
T`2/B+iQ`b r?B+? �`2 bvbi2K�iB+�HHv mM/2`2biBK�iBM;X �7@
i2` +?QQbBM; i?2 #2bi KQ/2H bT2+B}+�iBQMb- r2 `2@2biBK�i2
i?2 KQ/2Hb iQ i?2 r?QH2 /�i� b2i mT iQ kyykX lbBM; i?2b2
T�`�K2i`Bx�iBQMb Q7 i?2 ǳQTiBK�HǴ KQ/2Hb- r2 i?2M T`2/B+i
T�i2MiBM; �+iBpBiB2b 7Q` 2p2`v bBM;H2 v2�` �M/ i2+?MQHQ;v
7`QK kyyj iQ kyRdX

AM +�b2 Q7 i?2 �_AJ� T`2/B+iBQMb- � +?QB+2 ?�b iQ #2
K�/2 `2;�`/BM; ?Qr K�Mv J� �M/ �_ i2`Kb iQ BM+Hm/2
BM i?2 T`2/B+iBQMbX 6QHHQrBM; i?2 T`QTQb2/ T`BM+BTH2b-
r2 }`bi 2biBK�i2 �HH TQbbB#H2 �_AJ� KQ/2Hb rBi? H�;b
{(p, q)| p, q ∈ {0, ..., 5}} 7Q` � ;Bp2M i2+?MQHQ;v BM i?2 i`�BMBM;
b2iX a2+QM/- r2 mb2 �HH 2biBK�i2/ +QM};m`�iBQMb iQ T`2/B+i

Ry



T�i2MiBM; H2p2Hb BM i?2 p�HB/�iBQM b2iX h?2 KQ/2H bT2+B}+�@
iBQM r?B+? `2/m+2b i?2 K2/B�M �#bQHmi2 T2`+2Mi�;2 2``Q`
BM i?2 p�HB/�iBQM b2i Bb i?2M +?Qb2M iQ T`2/B+i T�i2MiBM;
�+iBpBiB2b BM i?2 i2bi b2iX h?Bb T`Q+2/m`2 Bb `2T2�i2/ 7Q`
2p2`v bBM;H2 iBK2 b2`B2bX

6Q` i?2 mM+QM/BiBQM�H M2irQ`F KQ/2H 7Q`2+�bib r2 7QHHQr
� bBKBH�` �TT`Q�+? iQ Q#i�BM i?2 QTiBK�H Q`/2` k′X hQ b22
r?v r2 QTiBKBx2 i?2 M2irQ`F KQ/2H rBi? `2bT2+i iQ k′-
MQi2 i?�i i?2 /�i� ;2M2`�iBM; T`Q+2bb BM 1[X U*XkV 7Q`
;Bp2M T�`�K2i2`b BKTHB2b E[gt] = (I − βWt)−1 a �M/ V[gt] =
σ2 [

(I − βW)t )(I − βWt)
]−1- 2Mi�BHBM; �M 2tTHQ/BM; p�`B�M+2

7Q` β �TT`Q�+?BM; QM2X aBM+2 Qm` 2biBK�iBQMb bm;;2bi i?�i
β Bb �+im�HHv +HQb2 iQ QM2- 7Q`2+�bi 2``Q`b �`2 2tT2+i2/ iQ
#2 H�`;2X hQ �HH2pB�i2 i?Bb Bbbm2- r2 i�F2 �/p�Mi�;2 Q7
i?2 TQr2` b2`B2b 2tT�MbBQM- (I − βWt)−1 =

∑∞
k=0 β

kWk
t - #v

/2}MBM; i?2 T`2/B+iQ` �b ĝuncond.
t = (

∑k′
k=0 β̂

kWk
t )âX AM+`2�bBM;

k′ `2/m+2b i?2 #B�b- p2`bmb `2/m+BM; k′ HQr2`b i?2 p�`B�M+2X
hQ }M/ i?2 #2bi +?QB+2 Q7 k′- r2 }`bi 2biBK�i2 i?2 KQ/2H
#�b2/ QM i?2 i`�BMBM; b2i �M/ mb2 i?2 /2}M2/ T`2/B+iQ`
iQ 7Q`2+�bi T�i2MiBM; �+iBpBiB2b BM i?2 p�HB/�iBQM b2iX q2
i?2M +?QQb2 k′ bm+? i?�i i?2 K2/B�M �#bQHmi2 T2`+2Mi�;2
2``Q`- �+`Qbb iBK2 �M/ i2+?MQHQ;B2b- BM i?2 p�HB/�iBQM b2i
Bb KBMBKBx2/X h?2 b2H2+iBQM T`Q+2/m`2 vB2H/b k′ = 3X �b
/Bb+mbb2/ BM i?2 K�BM i2ti- r2 7QmM/ /Bz2`2Mi K�;MBim/2b
Q7 M2irQ`F /2T2M/2M+2 7Q` /Bz2`2Mi ;`Qri? `�i2 H�;bX q2
i?2`27Q`2 2biBK�i2/ i?2 M2irQ`F KQ/2H 7Q` 2p2`v ;`Qri?
`�i2 H�; UR@v2�`- k@v2�`b- XXX- R8@v2�`bV b2T�`�i2HvX

h?Bb �TT`Q�+? �bbmK2b i?�i i?2 QTiBK�H +?QB+2 BM i?2
p�HB/�iBQM b2i �HbQ +Q``2bTQM/b iQ i?2 #2bi +?QB+2 BM i?2
i2bi b2i r?B+? /Q2b MQi �Hr�vb ?�p2 iQ #2 i?2 +�b2X h?2
/2T2M/2M+2 #2ir22M p�`B�#H2b +�M +?�M;2 Qp2` iBK2- �M
�bT2+i r?B+? Bb MQi i�F2M BMiQ �++QmMi ?2`2X �Hi2`M�iBp2
�TT`Q�+?2b +QmH/ #2 +QMbB/2`2/ BM 7mim`2 `2b2�`+?X 6Q` i?2
+QM/BiBQM�H 7Q`2+�bib- MQ 7m`i?2` KQ/2H }M2@imMBM; ?�b iQ
#2 /QM2X

RR



amTTH2K2Mi�`v AM7Q`K�iBQM

h2+?MQHQ;B+�H BMi2`/2T2M/2M+B2b T`2/B+i BMMQp�iBQM /vM�KB+b

�MiQM SB+?H2`- 6`�MÏQBb G�7QM/- CX .QvM2 6�`K2`

*QMi2Mib
R .�i� bQm`+2b �M/ T`2T`Q+2bbBM; k

k _Q#mbiM2bb iQ �Hi2`M�iBp2 +H�bbB}+�iBQM bvbi2Kb k

j h2KTQ`�H M2irQ`F bi�#BHBiv 9

9 L2�`2bi M2B;?#Q` ;`Qri? +Q``2H�iBQMb 9

8 1+QMQK2i`B+ 2biBK�iBQM e
8XR 1+QMQK2i`B+ M2irQ`F KQ/2H �M/ a�_ X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e
8Xk hBK2@p�`vBM; M2irQ`F KQ/2H X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e
8Xj ai�iB+ M2irQ`F KQ/2H X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X e
8X9 hBK2@p�`vBM; bT�iB�H �miQ`2;`2bbBp2 KQ/2H X X X X X X X X X X X X X X X X X X X X X X X X X X X d

e S`2/B+iBM; BMMQp�iBQM /vM�KB+b N
eXR �_AJ� 7Q`2+�bib X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X N
eXk L2irQ`F KQ/2H 7Q`2+�bib X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Ry
eXj S2`7Q`K�M+2 2p�Hm�iBQM X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X X Ry

R



R .�i� bQm`+2b �M/ T`2T`Q+2bbBM;
Pm` /�i�#�b2 +QMi�BMb �HH la miBHBiv T�i2Mib ;`�Mi2/ #2ir22M R3je �M/ kyR3- 2t+2Ti 7Q` `�`2 2t+2TiBQMbX
h?2b2 T�i2Mib �`2 +H�bbB}2/ BM irQ /Bz2`2Mi +H�bbB}+�iBQM bvbi2Kb, *QQT2`�iBp2 *H�bbB}+�iBQM a+?2K2
U*S*V �M/ AMi2`M�iBQM�H S�i2Mi *H�bbB}+�iBQM UAS*V UmT iQ kyR8- i?2v r2`2 �HbQ +H�bbB}2/ BM i?2 la
S�i2Mi *H�bbB}+�iBQM avbi2K UlaS*VVX

*S* +H�bbB}+�iBQMb �`2 `2i`B2p2/ 7`QK i?2 J�bi2` *H�bbB}+�iBQM 6BH2 �p�BH�#H2 7`QK i?2 laShPf_22/
h2+? Up2`bBQM kyRN@y9@yRVX AS* +H�bbB}+�iBQMb �M/ T�i2Mi /�i2b �`2 `2i`B2p2/ 7`QK :QQ;H2 S�i2Mib Sm#HB+
.�i�- T`QpB/2/ #v A6A *G�AJa S�i2Mi a2`pB+2b- �++2bb2/ CmM2 kyR3X

6Q` i?2 +Bi�iBQM /�i�- r2 K2`;2 i?2 +Bi�iBQM /�i�#�b2 Q7 EQ;�M 2i �HX UkyRdV rBi? i?2 +Bi�iBQM /�i� +QH@
H2+i2/ #v G�7QM/ �M/ EBK UkyRNV �M/ rBi? i?2 /�i�#�b2 T`QpB/2/ #v i?2 laShP UT�i2MibpB2rXQ`;f/QrMHQ�/-
�++2bb2/, R9fy8fkyRNVX

k _Q#mbiM2bb iQ �Hi2`M�iBp2 +H�bbB}+�iBQM bvbi2Kb
q2 +?2+F i?2 `Q#mbiM2bb Q7 i?2 `2bmHib #v �TTHvBM; Qm` K2i?Q/ iQ irQ /Bz2`2Mi i2+?MQHQ;v +H�bbB}+�iBQM
b+?2K2b- �i irQ /Bz2`2Mi H2p2Hb BM 2�+? +�b2X AM i?2 K�BM i2ti- r2 /Bb+mbb `2bmHib #�b2/ QM i?2 *QQT2`�iBp2
*H�bbB}+�iBQM a+?2K2 U*S*V 9@/B;Bib +Q/2bX >2`2- r2 �HbQ b?Qr `2bmHib #�b2/ QM i?2 *S* j@/B;Bib-
AMi2`M�iBQM�H S�i2Mi *H�bbB}+�iBQM UAS*V j@/B;Bib �M/ AS* 9@/B;Bib +Q/2b b+?2K2X AM i?2 7QHHQrBM;- r2
/2b+`B#2 i?2 /�i� BM /2i�BH �M/ ?Qr r2 ?�p2 T`Q+2bb2/ Bi 7Q` i?2 T`2b2Mi2/ �M�HvbBbX

6B;X R�V b?Qrb iQi�H T�i2MiBM; `�i2b BM i?2 la 7`QK R3je iQ kyR3 7Q` /BbiBM+i +H�bbB}+�iBQM +Q/2b Q7
T�i2MibX q?BH2 r2 }M/ i?�i *S* +Q/2b 7Q` �HKQbi 2p2`v T�i2Mi #�+F iQ R3je Ui?2 bQHB/ �M/ i?2 /Qii2/ HBM2
�`2 �HKQbi BM/BbiBM;mBb?�#H2 BM i?2 THQiV- `2+H�bbB}+�iBQM Q7 AS* +Q/2b b22Kb iQ #2 H2bb `B;Q`Qmb 7Q` T�i2Mib
#27Q`2 RNkyX 6Q` kyR3 i?2 /�i� Bb MQi v2i 2MiB`2Hv mT/�i2/- BM/B+�i2/ #v i?2 b?�`T /`QT BM T�i2MiBM; `�i2b
�i i?2 2M/ Q7 i?2 iBK2 b2`B2bX q2 i?2`27Q`2 2t+Hm/2 i?2 v2�` kyR3 BM 7m`i?2` �M�HvbBbX 6B;X R#V b?Qrb
i?2 +Bi�iBQMb +QmMib T2` v2�`X h?2 };m`2 BHHmbi`�i2b i?�i `2HB�#H2 /�i� QM +Bi�iBQMb K�/2 Bb �p�BH�#H2 QMHv
7`QK RN9d QM- #mi r2 ?�p2 BM7Q`K�iBQM QM +Bi�iBQMb `2+2Bp2/ #v 2�`HB2` T�i2MibX

q2 K�T T�i2Mib QMiQ i?2B` *S* �M/ AS* +Q/2b �M/ 2HBKBM�i2 /mTHB+�i2b B7 i?2 b�K2 T�i2Mi r�b
+H�bbB}2/ KmHiBTH2 iBK2b rBi? i?2 b�K2 j@ Q` 9@/B;Bib +Q/2X q2 QMHv BM+Hm/2 i2+?MQHQ;B+�H +H�bb2b r?B+?
r2`2 �i H2�bi i2M iBK2b �bbB;M2/ iQ T�i2Mib #2ir22M R3je �M/ kyyyX h?Bb `2KQp2b MQ +H�bb �i �HH BM i?2
*S* j@/B;Bib +�b2 �M/ QMHv � bBM;H2 +H�bb BM i?2 *S* 9@/B;Bib +�b2 U�eRS rBi? QMHv � bBM;H2 T�i2Mi mT iQ
kyyyVX h?2 +H2�MBM; Bb KQ`2 2z2+iBp2 BM i?2 AS* `2;BK2b r?2`2 i?2`2 �`2 b2p2`�H +H�bb2b r?B+? �`2 p2`v
BM7`2[m2MiHv mb2/X AMi`Q/m+BM; i?Bb i?`2b?QH/ 2HBKBM�i2b R9j AS* j@/B;Bib �M/ j3N AS* 9@/B;Bib +H�bb2bX
6Q` i?2 *S* +H�bb2b- r2 �HbQ 2HBKBM�i2 �HH u@+Q/2b r?B+? �`2 i�;b `�i?2` i?�M b2T�`�i2 i2+?MQHQ;v +H�bb2bX
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j h2KTQ`�H M2irQ`F bi�#BHBiv
�b � K2�bm`2 Q7 i2KTQ`�H bi�#BHBiv- 6B;X j b?Qrb i?2 �p2`�;2 +QbBM2 bBKBH�`Biv #2ir22M � `Qr i Q7 i?2
i2+?MQHQ;v K�i`Bt �i t �M/ t− l- Q` BM KQ`2 K�i?2K�iB+�H i2`Kb

bBKBH�`Biv�pX
t,t−l =

1

N

N∑

i=1

∑
j Wij,tWij,t−l√∑

j W
2
ij,t

√∑
j W

2
ij,t−l

.

q2 Q#b2`p2 i?�i i?2 M2irQ`F i2M/b iQ #2 7�B`Hv bi�#H2 BM iBK2- BX2X i?2 7mim`2 i2+?MQHQ;B+�H /2T2M/2M+2 Q7
� ;Bp2M i2+?MQHQ;v Bb HBF2Hv iQ #2 bBKBH�` iQ Bib +m``2Mi QM2X �7i2` i?2 i2KTQ`�H bi�#BHBiv Q7 i?2 M2irQ`F
r�b BM+`2�bBM; 7Q` KQbi T�`ib Q7 i?2 b2+QM/ ?�H7 Q7 i?2 H�bi +2Mim`v- Bi #2+�K2 r2�F2` BM i?2 H�bi ky
v2�`bX �b QM2 rQmH/ 2tT2+i- r2 }M/ i?�i i?2 �p2`�;2 bBKBH�`Biv /2+`2�b2b 7Q` ?B;?2` H�;b- �Hi?Qm;? i?2`2
Bb biBHH � T`QMQmM+2/ TQbBiBp2 `2H�iBQMb?BT #2ir22M i2+?MQHQ;B+�H /2T2M/2M+2b Qp2` � Ry@v2�` ?Q`BxQMX
� [m�HBi�iBp2 /Bz2`2M+2 #2ir22M j@/B;Bib �M/ 9@/B;Bib +H�bbB}+�iBQM b+?2K2b Bb �TT�`2MiX h?2 M2irQ`Fb
#�b2/ QM i?2 KQ`2 �;;`2;�i2/ j@/B;Bib +H�bbB}+�iBQMb 2t?B#Bi ?B;?2` +Q``2H�iBQMb BM iBK2 7Q` �HH b?QrM
H�; +?QB+2bX JQ`2Qp2`- i?2 /Bz2`2M+2b BM i2KTQ`�H +Q``2H�iBQMb #2ir22M /Bz2`2Mi iBK2 H�;b #2+QK2 H2bb
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9 L2�`2bi M2B;?#Q` ;`Qri? +Q``2H�iBQMb
AM i?2 K�BM i2ti r2 ?�p2 b?QrM i?�i i?2 i2+?MQHQ;v M2irQ`F Bb ?B;?Hv �bbQ`i�iBp2 rBi? `2bT2+i iQ ;`Qri?
`�i2b- bm;;2biBM; i?�i T�i2MiBM; ;`Qri? `�i2b �`2 bBKBH�` B7 i?2 i2+?MQHQ;B2b �`2 +QMM2+i2/X 6B;X 9 THQib
i?2 �p2`�;2 M2�`2bi M2B;?#Q` ;`Qri? `�i2b +Q``2H�iBQM Qp2` iBK2 7Q` i?2 /Bz2`2MiHv �;;`2;�i2/ M2irQ`FbX
h?2 TQbBiBp2 �bbQ`i�iBpBiv T�ii2`M Bb KQ`2 MQBbv BM i?2 KQ`2 �;;`2;�i2/ M2irQ`Fb- T�M2H �V �M/ #V- #mi
biBHH T`QMQmM+2/ 7Q` KQbi Q7 i?2 +�b2bX h?2 �p2`�;2 M2�`2bi M2B;?#Q` ;`Qri? `�i2b +Q``2H�iBQM Bb `2H�@
iBp2Hv BMb2MbBiBp2 rBi? `2bT2+i iQ /Bz2`2Mi ;`Qri? `�i2 H2M;i?b +?QB+2b 7Q` i?2 KQ`2 �;;`2;�i2/ M2irQ`Fb-
�;�BM TQBMiBM; �i i?2 BKTQ`i�M+2 Q7 mbBM; KQ`2 ;`�MmH�` M2irQ`Fb 7Q` /Bb+2`MBM; i2KTQ`�H 2z2+ib BM i?2
i2+?MQHQ;B+�H 2pQHmiBQMX

9



h�#H2 k bmKK�`Bx2b i?2 M2�`2bi M2B;?#Q` ;`Qri? +Q``2H�iBQMb 7Q` /Bz2`2Mi +H�bbB}+�iBQMb �M/ �M/ H�;bX
q2 b22 i?�i i?2 +Q``2H�iBQM K�;MBim/2 Bb bBKBH�` 7Q` /Bz2`2Mi +H�bbB}+�iBQM b+?2K2b- #mi bvbi2K�iB+�HHv
H2bb MQBbv r?2M mbBM; i?2 KQ`2 ;`�MmH�` 9@/B;Bib +H�bbB}+�iBQMX .�i� �;;`2;�iBQM Q7i2M `2/m+2b MQBb2 #v
�p2`�;BM; Qmi 2ti`2K�X h?mb- Bi Bb MQi Q#pBQmb � T`BQ`B i?�i i?2 KQ`2 }M2@;`�BM2/ M2irQ`F `2T`2b2Mi�iBQMb
2t?B#Bi H2bb p�`B�iBQM BM i?2B` �p2`�;2 M2�`2bi M2B;?#Q` ;`Qri? `�i2b +Q``2H�iBQMbX

●●●●●●●●●●●●●●●●●●●●●●●

●

●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

1−y

●●●●●●●●●●●●●●●●●●●●●●●
●

●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

5−y

●●
●
●●●●●●●●●●●●●●●●●●●●●

●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

10−y

a)
1947 1957 1967 1977 1987 1997 2007 2017

−0.25
0.00
0.25
0.50

−0.25
0.00
0.25
0.50

−0.25
0.00
0.25
0.50

Av
er

ag
e 

ne
ar

es
t n

ei
gh

bo
r g

ro
w

th
 c

or
re

la
tio

n

●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

1−y

●●●●●●●●●●●●●●●●●●●●●●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

5−y

●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

10−y

b)
1947 1957 1967 1977 1987 1997 2007 2017

−0.25
0.00
0.25
0.50
0.75

−0.25
0.00
0.25
0.50
0.75

−0.25
0.00
0.25
0.50
0.75

Av
er

ag
e 

ne
ar

es
t n

ei
gh

bo
r g

ro
w

th
 c

or
re

la
tio

n

●
●
●
●●●●●

●
●●●●●●

●
●●●●

●●●

●

●●●●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

1−y

●●
●●●●●●●

●●●●●●●●●●●●●●●
●●●

●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

5−y

●
●
●
●●●●●●

●●●●●●●●●
●●●●●●●●

●●●●●●●●●●●●●●●
●●●●●●●●●●●●●●●●●●●●

10−y

c)
1947 1957 1967 1977 1987 1997 2007 2017

0.0
0.2
0.4
0.6

0.0
0.2
0.4
0.6

0.0
0.2
0.4
0.6

Av
er

ag
e 

ne
ar

es
t n

ei
gh

bo
r g

ro
w

th
 c

or
re

la
tio

n ●

Empirical
Randomized

●●●
●●●●●

●

●●●●●●
●●●●●●●●

●

●
●●

●●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●

●●●●●●●●●●

1−y

●
●
●●●●●●

●
●●

●●●
●●●●●●●●●●

●●●
●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

5−y

●

●●
●●●●●

●
●●●●

●
●●●

●●●●●
●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●●

10−y

d)
1947 1957 1967 1977 1987 1997 2007 2017

0.00

0.25

0.50

0.00

0.25

0.50

0.00

0.25

0.50

Av
er

ag
e 

ne
ar

es
t n

ei
gh

bo
r g

ro
w

th
 c

or
re

la
tio

n

6B;m`2 9, �p2`�;2 M2�`2bi M2B;?#Q` ;`Qri? `�i2b +Q``2H�iBQM �+`Qbb iBK2 7Q` M2irQ`Fb #�b2/ QM i?2 �V
j@/B;Bib *S* +Q/2b- #V j@/B;Bib AS* +Q/2b- +V 9@/B;Bib *S* +Q/2b �M/ /V 9@/B;Bib AS* +Q/2bX h?2 b?�/2/
�`2� Bb i?2 8@N8W BMi2`@[m�MiBH2 `�M;2 Q7 `2bmHib #�b2/ QM R-yyy `�M/QKBx2/ M2irQ`Fb U/2b+`B#2/ BM i?2
K�BM i2tiVX

G�; *S* j *S* 9 AS* j AS* 9

hBK2 �p2`�;2
R@v2�` yXkd yXkk yXk3 yXkk
8@v2�` yXjN yXj3 yXj3 yXj8
Ry@v2�` yX9y yX9k yXjN yX9y

hBK2 bi/X /2pB�iBQM
R@v2�` yXR8 yXy3 yXR9 yXRy
8@v2�` yXRj yXRy yXR8 yXRR
Ry@v2�` yXR8 yXRy yXR8 yXRk

h�#H2 k, �p2`�;2 M2�`2bi M2B;?#Q` ;`Qri? `�i2 +Q``2H�iBQMbX hBK2 �p2`�;2 �M/ iBK2 bi�M/�`/ /2pB�iBQM
Q7 i?2 �p2`�;2 M2�`2bi M2B;?#Q` ;`Qri? `�i2b +Q``2H�iBQM 7Q` /BbiBM+i i2+?MQHQ;B+�H +H�bbB}+�iBQM b+?2K2bX
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8 1+QMQK2i`B+ 2biBK�iBQM
8XR 1+QMQK2i`B+ M2irQ`F KQ/2H �M/ a�_
AM i?2 K�BM i2ti r2 ?�p2 T`2b2Mi2/ `2bmHib #�b2/ QM i?2 2+QMQK2i`B+ KQ/2H

gi,t =
ai

1− βWii,t
+

β

1− βWii,t

N∑

j=1

Wij,tgj,t(1− δij) + εi,t, URV

r?2`2 εi,t ∼ N(0,σ2)X LQi2 i?�i i?2 2+QMQK2i`B+ KQ/2H Bb � ;2M2`�HBx�iBQM Q7 i?2 bT�iB�H �miQ`2;`2bbBp2
Ua�_V KQ/2H 7Q` T�M2H /�i�X AM +�b2 Q7 � x2`Q /B�;QM�H K�i`Bt- Wii = 0- i?2 KQ/2H `2/m+2b iQ i?2
}t2/@2z2+ib a�_ rBi? iBK2@p�`vBM; bT�iB�H +QKTQM2Mi

gi,t = ai + β
N∑

j=1

Wij,tgj,t + εi,t, UkV

/Bb+mbb2/ #v q�M; �M/ um UkyR8VX JQ`2Qp2`- B7 i?2 M2irQ`F Bb }t2/ BM iBK2- Wt = W - i?Bb KQ/2H `2/m+2b
iQ i?2 bi�M/�`/ }t2/@2z2+ib a�_ r?B+? +�M #2 2biBK�i2/ �b QmiHBM2/ BM 1H?Q`bi UkyR9VX

8Xk hBK2@p�`vBM; M2irQ`F KQ/2H
q2 2biBK�i2 /Bz2`2Mi p�`B�iBQMb Q7 i?2b2 2+QMQK2i`B+ KQ/2Hb iQ b22 ?Qr `Q#mbi i?2 `2bmHib BM i?2 K�BM
i2ti �`2X 6B`bi- r2 +�HB#`�i2 i?2 KQ/2H �b /Bb+mbb2/ BM i?2 K�BM i2ti iQ �HH 7Qm` +H�bbB}+�iBQM b+?2K2b �M/
`2TQ`i i?2 `2bmHib BM h�#H2 jX h?2 `2bmHib �`2 [m�HBi�iBp2Hv bBKBH�` 7Q` /Bz2`2Mi �;;`2;�iBQMbX

h?2 2+QMQK2i`B+ 2biBK�iBQM �HbQ �HHQrb mb2 iQ K�F2 i?2 K�;MBim/2 Q7 M2irQ`F 2z2+ib BM T�i2MiBM;
;`Qri? `�i2b 2tTHB+BiX G2i mb /2}M2 i?2 �p2`�;2 /B`2+i �M/ �p2`�;2 iQi�H BKT�+ib Q7 `2b2�`+? 2zQ`i ;`Qri?
QM T�i2MiBM; ;`Qri? #v

Īdirect,t := α

∑N
i=1 Lii,t

N
, UjV

Ītotal,t := α

∑N
i=1

∑N
j=1 Lij,t

N
, U9V

`2bT2+iBp2Hv- vB2H/BM; i?2 `2H�iBp2 M2irQ`F BKT�+i Q7

Inetwork,t := 1− Īdirect
Ītotal

= 1−
∑N

i=1 Lii,t∑N
i=1

∑N
j=1 Lij,t

. U8V

6B;X 8 b?Qrb i?2 `2H�iBp2 M2irQ`F BKT�+ib Inetwork,t Qp2` iBK2 7Q` �HH 7Qm` +H�bbB}+�iBQMbX h?2 M2irQ`F
2z2+ib �`2 ;`QrBM; BM iBK2 r?B+? Bb MQi bm`T`BbBM; ;Bp2M i?2 BM+`2�b2 BM M2irQ`F /2MbBiv r2 ?�p2 Q#b2`p2/X
h?2 };m`2 b?Qrb i?�i r2 rQmH/ 2biBK�i2 ?B;?2` M2irQ`F BKT�+ib BM � KQ`2 �;;`2;�i2/ M2irQ`F- BX2X r?2M
#�b2/ QM j@/B;Bib +H�bbB}+�iBQMbX q2 �HbQ }M/ i?�i M2irQ`F 2z2+ib �`2 bHB;?iHv H�`;2` 7Q` AS* +Q/2b i?�M
7Q` *S* +Q/2b- B7 +QKT�`2/ QM i?2 b�K2 /B;Bi@H2p2HX "mi i?2 ;2M2`�H i`2M/ Q7 `BbBM; `2H�iBp2 M2irQ`F
BKT�+ib Qp2` iBK2 ?QH/b 7Q` �HH 7Qm` +H�bbB}+�iBQM b+?2K2bX

8Xj ai�iB+ M2irQ`F KQ/2H
q2 M2ti BMp2biB;�i2 ?Qr i?2 2biBK�i2/ T�`�K2i2`b +?�M;2 B7 r2 mb2 }t2/ M2irQ`F bT2+B}+�iBQMbX S�i2Mi
M2irQ`Fb �`2 M�im`�HHv /vM�KB+- #mi i?2 p�bi K�DQ`Biv Q7 i?2 bT�iB�H 2+QMQK2i`B+b HBi2`�im`2 /Q2b MQi
�HHQr 7Q` iBK2@p�`vBM; M2irQ`FbX q2 i?mb i2bi r?2i?2` Qm` `2bmHib �HbQ ?QH/ B7 r2 F22T i?2 i2+?MQHQ;v
M2irQ`F }t2/X

q2 /Q i?Bb #v 2biBK�iBM; i?2 KQ/2H 7Q` 2p2`v M2irQ`F bM�Tb?Qi b2T�`�i2Hv- BX2X #v b2iiBM; Wt = W
BM 1[X URV r?2`2 W `2T`2b2Mib � T�`iB+mH�` M2irQ`F BM i?2 b�KTH2X q2 i?2M +?2+F ?Qr i?2 T�`�K2i2` β
+?�M;2b B7 r2 mb2 � /Bz2`2Mi M2irQ`F bM�Tb?Qi BMbi2�/X Ai b?QmH/ #2 TQBMi2/ Qmi i?�i i?2`2 KB;?i #2 �M
2M/Q;2M2Biv Bbbm2 B7 KQ`2 `2+2Mi M2irQ`Fb �`2 BM+Hm/2/ BM i?2 KQ/2H- bBM+2 i?2 M2irQ`F 7Q`K�iBQM Bib2H7
+QmH/ /2T2M/ QM i?2 ;`Qri? Q7 i2+?MQHQ;B+�H /QK�BMbX JQ`2Qp2`- i?Bb 2biBK�iBQM mb2b 7mim`2 BM7Q`K�iBQM
QM i?2 `B;?i@?�M/ bB/2 Q7 1[X URV iQ 2tTH�BM T�bi H27i@?�M/ bB/2 p�`B�#H2b- 7Q` 2t�KTH2- r?2M i?2 M2irQ`F
Q7 kyRd Bb mb2/ �b W X L2p2`i?2H2bb- r2 2biBK�i2 i?2 KQ/2H rBi? � }t2/- TQi2MiB�HHv 7mim`2- M2irQ`F iQ
b22 ?Qr `2bmHib +?�M;2 7`QK i?2 iBK2@p�`vBM; iQ i?2 bi�iB+ bT2+B}+�iBQMX

e



AM 6B;X e r2 THQi i?2 +Q2{+B2Mi β �b � 7mM+iBQM Q7 i?2 mb2/ M2irQ`F WtX q2 b?Qr i?2 `2bmHib 7Q`
*S* j@/B;Bib �M/ *S* 9@/B;Bib +H�bb2b QMHv- bBM+2 `2bmHib �`2 bBKBH�` 7Q` i?2 AS* +QmMi2`T�`ibX h?2 };m`2
/2TB+ib [m�HBi�iBp2Hv /Bz2`2Mi `2bmHib 7Q` i?2 irQ �;;`2;�iBQM H2p2HbX 6Q` i?2 *S* j@/B;Bib +�b2- r2 }M/
i?�i β 2t?B#Bib � bHB;?i /QrMr�`/ i`2M/ �b � 7mM+iBQM Q7 i?2 iBK2 BM/2tX AM i?2 *S* 9@/B;Bib +�b2- QM i?2
Qi?2` ?�M/- i?2 +Q2{+B2Mi Bb bK�HH2` BM 2�`HB2` �M/ H�`;2` 7Q` KQ`2 `2+2Mi M2irQ`FbX �//BiBQM�HHv- 7`QK
i?2 KB/@dyb QM i?2 T�`�K2i2` b22Kb iQ bi�#BHBx2 �`QmM/ i?2 p�Hm2 Q7 yX39 r?B+? r2 ?�p2 2biBK�i2/ BM i?2
Q`B;BM�H iBK2@p�`vBM; bT2+B}+�iBQMX
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6B;m`2 8, _2H�iBp2 M2irQ`F BKT�+ib Qp2` iBK2 7Q` /Bz2`2Mi +H�bbB}+�iBQM b+?2K2bX _2bmHib �`2 #�b2/ QM
R@v2�` ;`Qri? `�i2bX

8X9 hBK2@p�`vBM; bT�iB�H �miQ`2;`2bbBp2 KQ/2H
q2 �HbQ 2biBK�i2/ � bi�M/�`/ a�_ KQ/2H Ux2`Q@/B�;QM�HV rBi? iBK2@p�`vBM; M2irQ`F +QKTQM2Mi U1[X
kV 7Q` +QKT�`BbQMX h?2 a�_ KQ/2H Bb +QMp2MB2Mi 7Q` /2KQMbi`�iBQM Tm`TQb2b- bBM+2 2ti2MbBp2 HBi2`�im`2
`2M/2`b Bi � ǳbi�M/�`/Ǵ KQ/2H 7Q` bim/vBM; M2irQ`F 2z2+ibX .m2 iQ Bib bBKTH2` 7Q`K- Bi Bb �HbQ bi`�B;?i@
7Q`r�`/ iQ BM+Hm/2 7m`i?2` `2;`2bbQ`b iQ +?2+F 7Q` `Q#mbiM2bbX q2 i?2`27Q`2 2biBK�i2 1[X UkV �HbQ rBi?
�//BiBQM�H `2;`2bbQ`b bm+? �b iBK2 2z2+ib �M/ i2+?MQHQ;B+�H +H�bb bBx2bX

h?2 2biBK�iBQM Q7 i?2 a�_ KQ/2H bBKTHB}2b BM +QKT�`BbQM iQ i?2 7mHH M2irQ`F KQ/2H Q7 1[X URVX
hQ 2biBK�i2 1[X UkV BM+Hm/BM; 2tQ;2MQmb `2;`2bbQ`b- r2 bi�+F �HH 2H2K2Mib gi,t BMiQ i?2 NT @/BK2MbBQM�H
p2+iQ` ḡ := (g1,1, g2,1, ..., gN,1, g1,2, ..., gN,T )X AM i?2 b�K2 K�MM2` r2 Q#i�BM i?2 p2+iQ` ε̄X "v /2}MBM; i?2
T @/BK2MbBQM�H p2+iQ` Q7 QM2b ιT �M/ i?2 #HQ+F@/B�;QM�H K�i`Bt W := diag(W1, ...,WT )- r2 +�M `2r`Bi2

.2T2M/2Mi p�`B�#H2, T�i2MiBM; ;`Qri?

*S*j *S*9 AS*j AS*9
UR@vV U8@vV URy@vV UR@vV U8@vV URy@vV UR@vV U8@vV URy@vV UR@vV U8@vV URy@vV

�p2`�;2 âi yXyR yXyj yXy8 yXyR yXyj yXy9 yXyR yXyk yXy8 yXyR yXyj yXy8
β̂ yXNk∗∗∗ yXN9∗∗∗ yXN9∗∗∗ yX38∗∗∗ yXNj∗∗∗ yXN9∗∗∗ yXNk∗∗∗ yXN9∗∗∗ yXNk∗∗∗ yX3d∗∗∗ yXNj∗∗∗ yXNj∗∗∗

UyXyyeV UyXyRyV UyXyR8V UyXyyeV UyXyyeV UyXyy3V UyXyyeV UyXyRRV UyXyRNV UyXyyeV UyXyydV UyXyyNV
σ̂2 yXyj yXy3 yXRj yXRR yXky yXjy yXyj yXyN yXR9 yXRR yXkj yXjR
GQ;@HBF2HB?QQ/ k-8k8 @kdd @je9 @Rj-j3d @8-9d9 @j-ek8 k-3ed @j39 @jN8 @Rj-9jR @e-y9N @j-edd
P#b2`p�iBQMb 3-eRy R-dky 383 9j-e8R 3-dj9 9-j93 3-j9N R-eeN 3j9 9k-e33 3-8k3 9-9kd

LQi2, ∗∗∗T< 10−16

h�#H2 j, _2bmHib 7`QK 2biBK�iBM; i?2 2+QMQK2i`B+ M2irQ`F KQ/2H T`2b2Mi2/ BM i?2 K�BM i2ti U1[X RV 7Q`
/Bz2`2Mi +H�bbB}+�iBQM b+?2K2bX h?2 `2bmHib �`2 b?QrM 7Q` R@- 8@ �M/ Ry@v2�` ;`Qri? `�i2bX

d
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6B;m`2 e, S�`�K2i2` β Q#i�BM2/ 7`QK 2biBK�iBM; 1[X URV- #mi rBi? � }t2/ BMbi2�/ Q7 � iBK2@p�`vBM;
M2irQ`FX h?2 t@�tBb BM/B+�i2b i?2 v2�` Q7 r?B+? i?2 M2irQ`F bM�Tb?Qi r�b Q#i�BM2/ 7`QKX 6Q` 2t�KTH2-
�i RN9d i?2 KQ/2H r�b 2biBK�i2/ rBi? mbBM; Wt = W1947 7Q` �HH tX _2bmHib �`2 #�b2/ QM R@v2�` ;`Qri?
`�i2bX

1[X UkV BMiQ K�i`Bt MQi�iBQM
ḡ = (ιT ⊗ IN )a+ βWḡ + X̄δ + ε̄, UeV

r?2`2 X̄ Bb i?2 NT ×K K�i`Bt Q7 2tQ;2MQmb `2;`2bbQ`b �M/ δ i?2 +Q``2bTQM/BM; K@/BK2MbBQM�H p2+iQ`
Q7 +Q2{+B2MibX �7i2` bm#i`�+iBM; i?2 iBK2 �p2`�;2- 1[X UeV bBKTHB}2b iQ

g = βWg +Xδ + ε, UdV

r?2`2 g- X �M/ ε �`2 i?2 iBK2@/2K2�M2/ p2`bBQMb Q7 ḡ- X̄ �M/ ε̄- `2bT2+iBp2HvX h?2 HQ;@HBF2HB?QQ/ Q7 i?2

.2T2M/2Mi p�`B�#H2, T�i2MiBM; ;`Qri?

U�V U#V U+V U/V U2V U7V U;V U?V UBV UDV
*S*j *S*j *S*j *S*j *S*j *S*9 *S*9 *S*9 *S*9 *S*9

�p2`�;2 âi yXyRR yXykj yX9k3 yX9yy yXRdj yXyR8 yXyk9 yX8ey yXj8d yXRkd
β̂ yX3jy∗∗∗ yX8yN∗∗∗ yX8Rj∗∗∗ yX8R9∗∗∗ yX8RR∗∗∗ yXd8e∗∗∗ yX93j∗∗∗ yX9de∗∗∗ yX93j∗∗∗ yX93k∗∗∗

UyXyyNV UyXyR3V UyXyRdV UyXyR3V UyXyR3V UyXyy3V UyXRy8V UyXyNV UyXRy8V UyXRy8V
S�i2Mi `�i2b −0.069∗∗∗ −0.128∗∗∗

UyXyyjV UyXyykV
S�i2Mi biQ+F @yXyj3∗∗∗ −0.041∗∗∗

UyXyy9V (0.003)

.Bb+QmMiX T�iX biQ+F −0.033∗∗∗ −0.035∗∗∗

UyXyy9V (0.003)

6Bt2/ 2z2+ib u2b u2b u2b u2b u2b u2b u2b u2b u2b u2b
hBK2 2z2+ib LQ u2b u2b u2b u2b LQ u2b u2b u2b u2b
GQ;@HBF2HB?QQ/ k-8kd k-dkR k-NRk k-dej k-d8d @Rj-jd9 @Rk-Nkj @RR-98k @Rk-389 @Rk-3e9
P#b2`p�iBQMb 3-eyR 3-eyR 3-eyR 3-eyR 3-eyR 9j-e8R 9j-e8R 9j-e8R 9j-e8R 9j-e8R

LQi2, ∗∗∗T< 10−16

h�#H2 9, _2bmHib 7`QK 2biBK�iBM; i?2 a�_ rBi? iBK2@p�`vBM; M2irQ`F +QKTQM2Mi �M/ �//BiBQM�H 2tQ;2@
MQmb `2;`2bbQ`b U1[X eV 7Q` /Bz2`2Mi +H�bbB}+�iBQM b+?2K2bX h?2 }`bi }p2 +QHmKMb U�@2V b?Qr i?2 2biBK�i2/
T�`�K2i2`b 7Q` i?2 *S* j@/B;Bib �;;`2;�iBQM �M/ i?2 H�bi }p2 +QHmKMb U7@DV 7Q` i?2 *S* 9@/B;Bib �;;`2@
;�iBQMX h?2 `2bmHib �`2 #�b2/ QM R@v2�` ;`Qri? `�i2bX

3



iBK2@/2K2�M2/ KQ/2H i?2M `2�/b

GQ;G = −NT

2
ln(2πσ2) +

T∑

t=1

ln |I− βWt|−
1

2σ2
ε#ε, U3V

rBi? ε = (INT − βW )g −XδX h?2 T�`�K2i2` β Bb Q#i�BM2/ #v bQHpBM;

�`;K�t
β

constant+
NT∑

k=1

ln(1− βek)

− NT

2
ln(g#g − 2βg#Wg − β2g#W#Wg −A#X(X#X)−1X#Ag,

r?2`2 A := (INT − βW ) �M/ ek `2T`2b2Mib 2B;2Mp�Hm2b Q7 K�i`Bt W X lM/2` bi�M/�`/ `2;mH�`Biv �bbmKT@
iBQMb- r2 /2`Bp2 i?2 p�`B�M+2@+Qp�`B�M+2 K�i`Bt #v BMp2`iBM; i?2 6Bb?2` BM7Q`K�iBQM K�i`Bt r?B+? vB2H/b

var(σ2,β, δ) =





NT
σ4 −E

[
∂2LogL
∂σ2∂β

]
0#K

· −E
[
∂2LogL

∂β2

]
1
σ2X#WA−1Xδ

· · 1
σ2X#X





−1

, UNV

r?2`2 −E
[
∂2LogL

∂δ2

]
= trace(A−1WA−1W ) + 1

2σ2 trace
(
[A−1Xδδ#X#A#−1 + σ2A−1A#−1]W#W

)
�M/

−E
[
∂2LogL
∂σ2∂β

]
= 1

σ2 trace
(
A#W [A−1Xδδ#X#A#−1 + σ2A−1A#−1] + δ#X#WA−1Xδ

)
X 0K /2MQi2b � K@

/BK2MbBQM�H p2+iQ` Q7 x2`QbX J�i`Bt 2H2K2Mib BM/B+�i2/ #v i?2 /Qib �`2 MQi `2TQ`i2/ bBM+2 i?2v �`2 i`BpB�HHv
}HH2/ /m2 iQ bvKK2i`vX

AM h�#H2 9 r2 b?Qr i?2 `2bmHib Q7 2biBK�iBM; i?2 a�_ rBi? iBK2@p�`vBM; M2irQ`F +QKTQM2Mi 7Q` i?2
*S* j@/B;Bib- +QHmKMb U�V iQ U2V- �M/ *S* 9@/B;Bib �;;`2;�iBQM- +QHmKMb U7V iQ UDVX q2 }M/ i?�i i?2
M2irQ`F +Q2{+B2Mi β Bb 2biBK�i2/ iQ #2 bHB;?iHv H�`;2`- B7 i?2 KQ`2 �;;`2;�i2/ M2irQ`Fb �`2 mb2/X q2 �HbQ
BM+Hm/2 iBK2 2z2+ib BM i?2 `2;`2bbBQM r?B+? `2/m+2b i?2 M2irQ`F T�`�K2i2` BM i?2 *S* 9@/B;Bib +�b2 7`QK
yXde iQ `Qm;?Hv yX93X q?2M 2biBK�iBM; i?2 KQ/2H 7Q` ?B;?2` ;`Qri? `�i2 H�;b UMQi b?QrM ?2`2V- BM+Hm/BM;
iBK2 2z2+ib ?�b H2bb BKT�+i QM i?2 +Q2{+B2MiX h?2 +Q2{+B2Mi Bb 7�B`Hv `Q#mbi �;�BMbi �//BM; 7m`i?2`
`2;`2bbQ`b bm+? �b BM+Hm/BM; HQ;;2/ T�i2MiBM; `�i2b- +QHmKMb U+V �M/ U?V- HQ;;2/ +mKmH�iBp2 T�i2Mi biQ+F-
U/V �M/ UBV- Q` HQ;;2/ /Bb+QmMi2/ +mKmH�iBp2 T�i2Mi biQ+F- U2V �M/ UDV- r?2`2 r2 ?�p2 mb2/ � R8W v2�`Hv
/Bb+QmMi 7�+iQ` �b bm;;2bi2/ #v >�HH 2i �HX Ukyy8VX h?2 2tQ;2MQmb `2;`2bbQ`b �`2 ?B;?Hv bB;MB}+�Mi �M/
?�p2 � M2;�iBp2 bB;M- BM/B+�iBM; i?�i ?B;?2` T�i2MiBM; `�i2b �M/ H�`;2` FMQrH2/;2 biQ+Fb �i iBK2 TQBMi
t +QK2 rBi? bK�HH2` T�i2MiBM; `�i2 ;`Qri? BM i?2 7QHHQrBM; v2�`X h?2 �p2`�;2 K�;MBim/2 Q7 i?2 }t2/
2z2+ib BM+`2�b2b �b � +QMb2[m2M+2 Q7 BM+Hm/BM; 2tQ;2MQmb `2;`2bbQ`bX

e S`2/B+iBM; BMMQp�iBQM /vM�KB+b
AM i?2 K�BM i2ti r2 ?�p2 b?QrM i?�i T`2/B+iBQMb Q7 T�i2MiBM; `�i2b BM i2+?MQHQ;B+�H +H�bb2b +�M #2
bB;MB}+�MiHv BKT`Qp2/ B7 M2irQ`F 2z2+ib �`2 i�F2M BMiQ �++QmMiX AM i?Bb b2+iBQM r2 T`2b2Mi 7m`i?2` /2i�BHb
QM T`2/B+iBM; T�i2MiBM; `�i2b rBi? i?2 BMi`Q/m+2/ KQ/2HX _2bmHib b?QrM BM i?2 K�BM i2ti �`2 #�b2/ QM i?2
*S* 9@/B;Bib +Q/2bX >2`2- r2 b?Qr ?Qr i?2 KQ/2H T`2/B+iBQMb +?�M;2 r?2M mbBM; �Hi2`M�iBp2 �;;`2;�iBQM
H2p2HbX JQ`2Qp2`- r2 /Bb+mbb 7m`i?2` �bT2+ib Q7 i?2 T`2b2Mi2/ `2bmHib �M/ BMp2biB;�i2 �Hi2`M�iBp2 7Q`2+�bi
#2M+?K�`FbX

eXR �_AJ� 7Q`2+�bib
q2 }`bi 7Q+mb QM i?2 7Q`2+�bib Q#i�BM2/ 7`QK i?2 �_AJ� KQ/2Hb r?B+? r2 bi�i2 �;�BM 7Q` i?2 2�b2 Q7
`272`2M+2,

gi,t = νi +
p∑

s=0

φi,sgi,t−s +
q∑

s=0

ψi,sui,t−s + ui,t, URyV

r?2`2 φi,0 = ψi,0 = 0X �b BM/B+�i2/ BM i?2 K�BM i2ti- r2 ?�p2 }ii2/ 2p2`v (p, q) +QK#BM�iBQM mT iQ
Q`/2` U8-8V Q7 i?2 �_AJ�Up-R-qV KQ/2H 7Q` 2�+? UHQ;;2/V iBK2 b2`B2b BM i?2 i`�BMBM; b2i URN9d@RN3dV �M/
mb2/ i?2 T�`�K2i2` }ib iQ 7Q`2+�bi i?2 iBK2 b2`B2b BM i?2 p�HB/�iBQM b2i URN33@kyykVX q2 i?2M `2}ii2/
i?2 �_AJ�Up-R-qV r?B+? vB2H/2/ i?2 bK�HH2bi K2/B�M �#bQHmi2 T2`+2Mi�;2 2``Q` BM i?2 p�HB/�iBQM b2i iQ
i?2 /�i� mT iQ kyyk iQ 7Q`2+�bi i?2 i2bi b2i 7`QK kyyj iQ kyRdX h�#H2 8 ;Bp2b �M Qp2`pB2r Q7 i?2 #2bi

N



Up-qV +QK#BM�iBQMb 7Q` /Bz2`2Mi �;;`2;�iBQM K2i?Q/bX AM i?2 *S* 9@/B;Bi +�b2 /Bb+mbb2/ BM i?2 K�BM i2ti-
�HKQbi k8W Q7 KQ/2H bT2+B}+�iBQMb mb2 H2bb i?�M irQ �_ �M/ J� i2`Kb- rBi? i?2 i?2 ;2QK2i`B+ `�M/QK
r�HF Up = q = 0V �HQM2 vB2H/BM; i?2 #2bi 7Q`2+�bib �H`2�/v BM RkW T2`+2Mi Q7 �HH +�b2bX "mi r2 �HbQ }M/
iBK2 b2`B2b r?2`2 ?B;?2`@Q`/2` KQ/2Hb �`2 T`272``2/X aBKBH�`Hv 7Q` �Hi2`M�iBp2 �;;`2;�iBQMb- i?2 ;2QK2i`B+
`�M/QK r�HF KQ/2H Bb i?2 KQbi 7`2[m2Mi +?QB+2X

eXk L2irQ`F KQ/2H 7Q`2+�bib
hQ Q#i�BM i?2 mM+QM/BiBQM�H 7Q`2+�bib- � bBKBH�` KQ/2H b2H2+iBQM T`Q+2/m`2 Bb �TTHB2/X >2`2- r2 }`bi
+�HB#`�i2 i?2 M2irQ`F KQ/2H iQ i?2 /�i� BM i?2 i`�BMBM; b2i �M/ +?QQb2- �b /Bb+mbb2/ BM i?2 K�BM i2ti-
i?2 T�`�K2i2` k′ bm+? i?�i i?2 K2/B�M �#bQHmi2 T2`+2Mi�;2 2``Q` Bb KBMBKBx2/ BM i?2 p�HB/�iBQM b2iX h?2
KQ/2H Bb i?2M `2}ii2/ iQ i?2 /�i�- BM+Hm/BM; i`�BMBM; �M/ p�HB/�iBQM b2i URN9d@kyykV- iQ T`2/B+i T�i2MiBM;
BM i?2 i2bi b2i 7`QK kyyj iQ kyRd rBi? ;Bp2M k′X q?2M /QBM; i?Bb 7Q` i?2 7Qm` /Bz2`2Mi i2+?MQHQ;v
�;;`2;�iBQMb- r2 Q#i�BM i?2 7QHHQrBM; `2bmHib, k′ = 9 7Q` *S* j@/B;Bib- k′ = 3 7Q` *S* 9@/B;Bib- k′ = 6
7Q` AS* j@/B;Bib �M/ k′ = 2 7Q` AS* 9@/B;BibX h?mb- i?2 �TTHB2/ KQ/2H b2H2+iBQM T`Q+2/m`2 �Hr�vb T`272`b
k′ > 0- BX2X i?2 T`Q+2/m`2 �Hr�vb bm;;2bib iQ BM+Hm/2 M2irQ`F 2z2+ib BM i?2 T`2/B+iBQMbX

eXj S2`7Q`K�M+2 2p�Hm�iBQM
�b BM i?2 K�BM i2ti- r2 +QKT�`2 7Q`2+�bib #�b2/ QM i?2 T`2/B+i�#BHBiv ;�BM K2�bm`2

PG1i,t =
|Pi,t − P̂ARIMA

i,t |− |Pi,t − P̂network
i,t |

|Pi,t|
, URRV

BX2X i�FBM; i?2 /Bz2`2M+2 #2ir22M �_AJ� �M/ M2irQ`F KQ/2H �#bQHmi2 T2`+2Mi�;2 2``Q`b U�S1V 7Q` 2p2`v
T`2/B+i2/ p�Hm2X q2 �HbQ +?2+F i?2 T`2/B+i�#BHBiv ;�BMb #�b2/ QM i?2 �#bQHmi2 2``Q`b U�1V BMbi2�/ Q7 i?2
�#bQHmi2 T2`+2Mi�;2 2``Q`b #v +QKTmiBM;

PG2i,t = |Pi,t − P̂ARIMA
i,t |− |Pi,t − P̂network

i,t |. URkV

q2 i?2M i�F2 �p2`�;2b- bi�M/�`/ /2pB�iBQMb- K2/B�Mb �M/ BMi2`[m�`iBH2 `�M;2b 7Q` 2p2`v v2�` �M/ THQi
i?2 `2bmHib 7Q` �HH 7Qm` �;;`2;�iBQM b+?2K2b BM 6B;X d @ RyX AM 2p2`v };m`2- T�M2H �V b?Qrb i?2 �p2`�;2
T`2/B+i�#BHBiv ;�BMb #�b2/ QM �S1- 1[X URRVX S�M2H #V ;Bp2b i?2 +Q``2bTQM/BM; v2�`Hv K2/B�M p�Hm2b
�M/ BMi2`[m�`iBH2 `�M;2b Q7 i?2 �S1@#�b2/ T`2/B+i�#BHBiv ;�BMbX �p2`�;2b �M/ bi�M/�`/ 2``Q`b Q7 �1
T`2/B+i�#BHBiv ;�BMb- 1[X URkV- �`2 b?QrM BM T�M2H +V �M/ i?2 +Q``2bTQM/BM; K2/B�Mb �M/ BMi2`[m�`iBH2
`�M;2b �`2 pBbm�HBx2/ BM T�M2H /VX q2 /Bb+mbb i?2 `2bmHib 7Q` 2�+? �;;`2;�iBQM b+?2K2 b2T�`�i2HvX

*S*j J� Q`/2` q

�
_

Q`
/2

`p

y R k j 9 8
y yXR8 yXyR yXyj yXyj yXyk yXyk
R yXy9 yXyy yXyR yXyy yXyk yXyk
k yXyj yXyk yXyk yXyj yXyk yXy9
j yXyj yXyk yXyj yXyy yXyk yXyk
9 yXyk yXyk yXyR yXyk yXyj yXyd
8 yXyk yXyk yXyR yXyj yXy8 yXyd

AS*j J� Q`/2` q

�
_

Q`
/2

`p

y R k j 9 8
y yXRy yXyj yXy9 yXyk yXyj yXyk
R yXyR yXyj yXyk yXyy yXyj yXyj
k yXy3 yXyy yXyk yXyR yXyR yXy9
j yXyj yXyy yXyk yXy9 yXyk yXyj
9 yXy9 yXyj yXyR yXyj yXyj yXyj
8 yXyR yXy8 yXyk yXyk yXy3 yXy8

*S*9 J� Q`/2` q

�
_

Q`
/2

`p

y R k j 9 8
y yXRk yXy9 yXyj yXyk yXyj yXyj
R yXye yXyk yXyR yXyk yXyk yXy9
k yXyk yXyk yXyk yXyj yXyj yXyj
j yXyj yXyR yXyk yXyR yXyj yXyj
9 yXyj yXyk yXyj yXyR yXyj yXyj
8 yXyj yXyj yXyR yXyj yXyj yXyk

AS*9 J� Q`/2` q

�
_

Q`
/2

`p

y R k j 9 8
y yXRj yXy8 yXyk yXyk yXyk yXy9
R yXy8 yXyk yXyR yXyk yXyk yXy9
k yXyk yXyk yXyk yXyk yXyj yXyj
j yXyk yXyy yXyR yXyj yXyk yXyj
9 yXyj yXyR yXyR yXyk yXyj yXyj
8 yXy9 yXy9 yXyj yXyj yXy9 yXyj

h�#H2 8, .Bbi`B#miBQM Q7 (p, q) T�B`b r?B+? KBMBKBx2 i?2 K2/B�M �#bQHmi2 T2`+2Mi�;2 2``Q` BM i?2 p�HB/�iBQM
b2i 7Q` i?2 �_AJ�UT-R-[V 7Q`2+�bibX p Bb i?2 MmK#2` Q7 �miQ`2;`2bbBp2 i2`Kb �M/ q i?2 MmK#2` Q7 KQpBM;
�p2`�;2 i2`Kb BM i?2 �_AJ� KQ/2HX 6Q` 2t�KTH2- BM i?2 *S*j +�b2 r2 ?�p2 yXR8 7Q` i?2 +QK#BM�iBQM
(p, q) = (0, 0)- K2�MBM; i?�i 7Q` R8W Q7 �HH +�b2b i?2 ;2QK2i`B+ `�M/QK r�HF rBi? /`B7i vB2H/2/ i?2 #2bi
T`2/B+iBQMb BM i?2 p�HB/�iBQM b2iX

Ry



*S* j@/B;Bi +Q/2b U6B;X dV,
aBKBH�`Hv �b i?2 `2bmHib b?QrM BM i?2 K�BM i2ti- T`2/B+iBQMb +�M #2 bm#bi�MiB�HHv BKT`Qp2/ BM i?2 +QM/B@
iBQM�H 7Q`2+�bib r?2`2 i?2 ;`Qri? `�i2b Q7 � 7Q+�H i2+?MQHQ;vǶb M2B;?#Q`?QQ/ Bb FMQrMX h?Bb ?QH/b i`m2 7Q`
�p2`�;2b �M/ K2/B�Mb- `2;�`/H2bb Q7 i?2 +QMbB/2`2/ T2`7Q`K�M+2 K2i`B+X AM +QMi`�bi iQ i?2 `2bmHi BM i?2
K�BM i2ti- r2 }M/ i?�i i?2 mM+QM/BiBQM�H 7Q`2+�bib �`2 MQi �#H2 iQ #2�i i?2 �_AJ� KQ/2H bvbi2K�iB+�HHvX
h?2 K�BM `2�bQM r?v BM i?Bb b+2M�`BQ i?2 mM+QM/BiBQM�H T`2/B+iBQMb mM/2`T2`7Q`K Bb i?�i i?2 QTiBK�H
imMBM; T�`�K2i2` k′ Bb MQi bi�#H2 #2ir22M i?2 p�HB/�iBQM �M/ i2bi b2iX q?BH2 � H�`;2 k′ = 9 Bb +?Qb2M
#�b2/ QM i?2 p�HB/�iBQM b2i 7Q`2+�bib- i?Bb +?QB+2 Bb bm#QTiBK�H r?2M T`2/B+iBM; T�i2MiBM; `�i2b BM i?2
i2bi b2iX h?Bb Bb H�`;2Hv � `2bmHi Q7 i2KTQ`�H BMbi�#BHBiv Q7 +Q2{+B2MibX 1biBK�iBM; i?2 KQ/2H 7`QK 2�`HB2`
v2�`b vB2H/b ?B;?2` }t2/ 2z2+ib �M/ � bHB;?iHv HQr2` β i?�M r?2M 2biBK�iBM; Bi 7`QK KQ`2 `2+2Mi /�i�-
H2�/BM; iQ �M Qp2`T`2/B+iBQM Q7 T�i2MiBM; H2p2Hb BM i?2 i2bi b2iX � TQi2MiB�H r�v iQ i�+FH2 i?Bb T`Q#H2K BM
7mim`2 `2b2�`+? Bb iQ �HHQr 7Q` iBK2@p�`vBM; +Q2{+B2MibX

*S* 9@/B;Bi +Q/2b U6B;X 3V,
AM �HH 7Qm` T�M2Hb T`2/B+i�#BHBiv ;�BMb Q7 +QM/BiBQM�H 7Q`2+�bib �`2 bm#bi�MiB�HX h?2`2 Bb KQ`2 p�`B�iBQM BM
i?2 mM+QM/BiBQM�H 7Q`2+�bibX S�M2H �V Bb i?2 b�K2 THQi �b T`2b2Mi2/ BM i?2 K�BM i2ti r?B+? THQib �p2`�;2
PG1 UbQHB/ HBM2bV �M/ irB+2 i?2 bi�M/�`/ 2``Q`b Ub?�/2/ �`2�bV Qp2` iBK2X AM #Qi? T`2/B+iBQM 2t2`+Bb2b- i?2
M2irQ`F KQ/2H +QK2b rBi? bm#bi�MiB�H TQbBiBp2 T`2/B+i�#BHBiv ;�BMbX AM T�M2H #V i?2 K2/B�M T`2/B+i�#BHBiv
;�BMb- �b r2HH �b i?2 BMi2`[m�`iBH2 `�M;2 �`2 b?QrMX AM i?2 mM+QM/BiBQM�H 7Q`2+�bib- r2 b22 TQbBiBp2 K2/B�M
T`2/B+i�#BHBiv ;�BMb BM i?2 }`bi 2H2p2M v2�`b- `�M;BM; 7`QK RXjW iQ jyW �M/ M2;�iBp2 T`2/B+i�#BHBiv ;�BMb
BM i?2 H�bi 7Qm` v2�`b U−5W iQ −13WV r?2M mbBM; PG1X h?2 +QM/BiBQM�H 7Q`2+�bib �Hr�vb 2t?B#Bi TQbBiBp2
K2/B�M T`2/B+i�#BHBiv ;�BMbX S�M2Hb +V b?Qrb i?2 �p2`�;2 T`2/B+i�#BHBiv ;�BMb #�b2/ QM �#bQHmi2 2``Q`bX
PM �p2`�;2- i?2 M2irQ`F KQ/2H QmiT2`7Q`Kb i?2 �_AJ� 7Q`2+�bib BM #Qi? T`2/B+iBQM 2t2`+Bb2b- rBi? i?2
+QM/BiBQM�H 7Q`2+�bib vB2H/BM; TQbBiBp2 T`2/B+iBQM ;�BMb BM 2p2`v v2�` �M/ i?2 mM+QM/BiBQM�H 7Q`2+�bib BM RR
Qmi Q7 R8 v2�`bX S�M2H /V THQib i?2 K2/B�M T`2/B+i�#BHBiv ;�BMb #�b2/ QM i?2 +Q``2bTQM/BM; BMi2`[m�`iBH2
`�M;2 7Q` PG2 r?B+? vB2H/b [m�HBi�iBp2Hv bBKBH�` `2bmHib �b T�M2H #VX

AS* j@/B;Bi +Q/2b U6B;X NV,
h?2 �p2`�;2 T`2/B+i�#BHBiv ;�BMb Qp2` i?2 �_AJ� KQ/2Hb BM i?2 +QM/BiBQM�H 7Q`2+�bi b2iiBM; `2�+? �HKQbi
eyW BM kyyN r?2M K2�bm`2/ BM T2`+2Mi�;2b- T�M2H �V- Q` `Qm;?Hv 3yy T�i2Mib r?2M HQQFBM; �i �#bQ@
Hmi2 2``Q`b- T�M2H #VX AM i?2 mM+QM/BiBQM�H b+2M�`BQ- �p2`�;2 T`2/B+i�#BHBiv ;�BMb #�b2/ QM PG1 �`2 H2bb
T`QMQmM+2/ U�Hi?Qm;? TQbBiBp2 BM 2p2`v bBM;H2 v2�`V- #mi �`2 bm#bi�MiB�H r?2M +QMbB/2`BM; i?2 �#bQHmi2
2``Q` #�b2/ PG2 K2�bm`2X h?2 K2/B�M T`2/B+i�#BHBiv ;�BM #�b2/ QM i?2 �#bQHmi2 T2`+2Mi�;2 2``Q` BM i?2
+QM/BiBQM�H 7Q`2+�bib b+2M�`BQ HB2b #2ir22M RXeW �M/ 88W �b +�M #2 b22M BM T�M2H +VX AM i?2 mM+QM/BiBQM�H
b+2M�`BQ- i?2 K2/B�M ;�BMb �`2 bK�HH2`- #mi �Hr�vb TQbBiBp2X S�M2H /V `2p2�Hb bBKBH�` T�ii2`Mb �b i?2 QM2b
Q#b2`p2/ BM T�M2H +VX

AS* 9@/B;Bi +Q/2b U6B;X RyV,
6Q` i?2 AS* 9@/B;Bi +Q/2b r2 }M/ �p2`�;2 T2`+2Mi�;2 T`2/B+i�#BHBiv ;�BMb #2ir22M 9W BM kyyj �M/ d9W
BM kyRj r?2M +QMbB/2`BM; i?2 +QM/BiBQM�H M2irQ`F 7Q`2+�bibc b22 T�M2H �VX h?2 T`2/B+i�#BHBiv ;�BMb 7Q`
i?2 mM+QM/BiBQM�H 7Q`2+�bib +�M ;2i �b ?B;? �b kNW BM i?2 v2�` kyReX S�M2H #V b?Qrb i?�i i?2 K2/B�M
T`2/B+i�#BHBiv ;�BMb �`2 �Hr�vb TQbBiBp2 7Q` i?2 +QM/BiBQM�H 7Q`2+�bib U`�M;BM; 7`QK 8W iQ e3WV �M/
TQbBiBp2 7Q` i?2 mM+QM/BiBQM�H 7Q`2+�bib BM Rj Qmi Q7 R8 7Q`2+�bibX PMHv BM i?2 H�bi irQ v2�`b- i?2 K2/B�M
T`2/B+i�#BHBiv ;�BMb �`2 bHB;?iHv M2;�iBp2 UH2bb i?�M QM2 T2`+2MiVX q?2M #2M+?K�`FBM; i?2 7Q`2+�bib rBi?
�#bQHmi2 2``Q`b- 1[X URkV- r2 }M/ i?�i T`2/B+i�#BHBiv ;�BMb �`2 �Hr�vb TQbBiBp2 QM �p2`�;2 �M/ i2M/
iQ BM+`2�b2 BM iBK2 7Q` #Qi? T`2/B+iBQM b+2M�`BQbc T�M2H +VX Zm�HBi�iBp2Hv- T�M2H /V `2b2K#H2b T�M2H #V
r?2`2 K2/B�M T`2/B+i�#BHBiv ;�BMb �`2 �Hr�vb TQbBiBp2- 2t+2Ti 7Q` i?2 H�bi irQ v2�`b BM i?2 mM+QM/BiBQM�H
7Q`2+�bibX

RR



6B;m`2 d, S`2/B+iBQM `2bmHib #�b2/ QM *S* j@/B;Bi +Q/2bX �V �p2`�;2 T`2/B+i�#BHBiv ;�BM #�b2/ QM PG1-
1[X URRX a?�/2/ �`2�b BM/B+�i2 irB+2 i?2 bi�M/�`/ 2``Q`X #V J2/B�M T`2/B+i�#BHBiv ;�BM #�b2/ QM PG1X
a?�/2/ �`2�b BM/B+�i2 i?2 BMi2`[m�`iBH2 `�M;2X +V �p2`�;2 T`2/B+i�#BHBiv ;�BM #�b2/ QM PG2- 1[X URkX
a?�/2/ �`2�b BM/B+�i2 irB+2 i?2 bi�M/�`/ 2``Q`X /V J2/B�M T`2/B+i�#BHBiv ;�BM #�b2/ QM PG2X a?�/2/
�`2�b BM/B+�i2 i?2 BMi2`[m�`iBH2 `�M;2X
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6B;m`2 3, S`2/B+iBQM `2bmHib #�b2/ QM *S* 9@/B;Bi +Q/2bX �V �p2`�;2 T`2/B+i�#BHBiv ;�BM #�b2/ QM PG1-
1[X URRX a?�/2/ �`2�b BM/B+�i2 irB+2 i?2 bi�M/�`/ 2``Q`X #V J2/B�M T`2/B+i�#BHBiv ;�BM #�b2/ QM PG1X
a?�/2/ �`2�b BM/B+�i2 i?2 BMi2`[m�`iBH2 `�M;2X +V �p2`�;2 T`2/B+i�#BHBiv ;�BM #�b2/ QM PG2- 1[X URkX
a?�/2/ �`2�b BM/B+�i2 irB+2 i?2 bi�M/�`/ 2``Q`X /V J2/B�M T`2/B+i�#BHBiv ;�BM #�b2/ QM PG2X a?�/2/
�`2�b BM/B+�i2 i?2 BMi2`[m�`iBH2 `�M;2X
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6B;m`2 N, S`2/B+iBQM `2bmHib #�b2/ QM AS* j@/B;Bi +Q/2bX �V �p2`�;2 T`2/B+i�#BHBiv ;�BM #�b2/ QM PG1-
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_272`2M+2b
CX �HbiQii- :X h`BmHxB- "X u�M- �M/ CX GmQX J�TTBM; i2+?MQHQ;v bT�+2 #v MQ`K�HBxBM; T�i2Mi M2irQ`FbX

a+B2MiQK2i`B+b- RRyURV,99jĜ9dN- kyRdX /QB, RyXRyydfbRRRNk@yRe@kRyd@vX

CX SX 1H?Q`biX aT�iB�H 1+QMQK2i`B+b, 6`QK *`Qbb@a2+iBQM�H .�i� iQ aT�iB�H S�M2Hb- pQHmK2 9dNX aT`BM;2`-
kyR9X

"X >X >�HH- �X C�z2- �M/ JX h`�Di2M#2`;X J�`F2i p�Hm2 �M/ T�i2Mi +Bi�iBQMbX _�L. CQm`M�H Q7 1+QMQKB+b-
T�;2b ReĜj3- kyy8X

GX EQ;�M- .X S�T�MBFQH�Qm- �X a2`m- �M/ LX aiQzK�MX h2+?MQHQ;B+�H BMMQp�iBQM- `2bQm`+2 �HHQ+�iBQM- �M/
;`Qri?X h?2 Zm�`i2`Hv CQm`M�H Q7 1+QMQKB+b- RjkUkV,ee8ĜdRk- kyRdX /QB, RyXRyNjf[D2f[Dry9yX

6X G�7QM/ �M/ .X EBKX GQM;@`mM /vM�KB+b Q7 i?2 la T�i2Mi +H�bbB}+�iBQM bvbi2KX CQm`M�H Q7 1pQHmiBQM�`v
1+QMQKB+b- T�;2b RĜj9- kyRNX /QB, RyXRyydfbyyRNR@yR3@yeyj@jX

qX q�M; �M/ CX umX 1biBK�iBQM Q7 bT�iB�H T�M2H /�i� KQ/2Hb rBi? iBK2 p�`vBM; bT�iB�H r2B;?ib K�i`B+2bX
1+QMQKB+b G2ii2`b- Rk3,N8ĜNN- kyR8X /QB, RyXRyRefDX2+QMH2iXkyR8XyRXykRX
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