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JQ/2HBM; bBKmHi�M2Qmb bmTTHv �M/ /2K�M/ b?Q+Fb BM
BMTmi@QmiTmi M2irQ`Fb

�MiQM SB+?H2`1,2,3 �M/ CX .QvM2 6�`K2`1,2,4

1 AMbiBimi2 7Q` L2r 1+QMQKB+ h?BMFBM; �i i?2 Pt7Q`/ J�`iBM a+?QQH- lMBp2`bBiv Q7 Pt7Q`/- lE
2 J�i?2K�iB+�H AMbiBimi2- lMBp2`bBiv Q7 Pt7Q`/- lE

3 *QKTH2tBiv a+B2M+2 >m# oB2MM�- �mbi`B�
4 a�Mi� 62 AMbiBimi2- la

C�Mm�`v RN- kykR

�#bi`�+i

L�im`�H �M/ �Mi?`QTQ;2MB+ /Bb�bi2`b 7`2[m2MiHv �z2+i #Qi? i?2 bmTTHv �M/ /2K�M/ bB/2
Q7 �M 2+QMQKvX � bi`BFBM; `2+2Mi 2t�KTH2 Bb i?2 *QpB/@RN T�M/2KB+ r?B+? ?�b +`2�i2/
b2p2`2 BM/mbi`v@bT2+B}+ /Bb`mTiBQMb iQ 2+QMQKB+ QmiTmi BM KQbi +QmMi`B2bX aBM+2 }`Kb
�`2 2K#2//2/ BM T`Q/m+iBQM M2irQ`Fb- i?2b2 /B`2+i b?Q+Fb iQ bmTTHv �M/ /2K�M/ rBHH
T`QT�;�i2 /QrMbi`2�K �M/ mTbi`2�KX q2 b?Qr i?�i 2tBbiBM; BMTmi@QmiTmi KQ/2Hb r?B+?
�HHQr 7Q` #BM/BM; /2K�M/ �M/ bmTTHv +QMbi`�BMib vB2H/ BM72�bB#H2 bQHmiBQMb r?2M �TTHB2/
iQ T�M/2KB+ b?Q+Fb Q7 i?`22 K�DQ` 1m`QT2�M +QmMi`B2b U:2`K�Mv- Ai�Hv- aT�BMVX q2
i?2M BMi`Q/m+2 � K�i?2K�iB+�H QTiBKBx�iBQM T`Q+2/m`2 r?B+? Bb �#H2 iQ /2i2`KBM2 #2bi@
+�b2 72�bB#H2 K�`F2i �HHQ+�iBQMb- ;BpBM; � HQr2` #QmM/ QM iQi�H b?Q+F T`QT�;�iBQMX q2
}M/ i?�i 2p2M BM i?Bb #2bi@+�b2 b+2M�`BQ M2irQ`F 2z2+ib bm#bi�MiB�HHv �KTHB7v i?2 BMBiB�H
b?Q+FbX hQ Q#i�BM KQ`2 `2�HBbiB+ KQ/2H T`2/B+iBQMb- r2 bim/v i?2 T`QT�;�iBQM Q7 b?Q+Fb
#QiiQK@mT #v BKTQbBM; /Bz2`2Mi `�iBQMBM; `mH2b QM }`Kb B7 i?2v �`2 MQi �#H2 iQ b�iBb7v
BM+QKBM; /2K�M/X Pm` `2bmHib b?Qr i?�i Qp2`�HH 2+QMQKB+ BKT�+ib /2T2M/ bi`QM;Hv QM
i?2 2K2`;2M+2 Q7 BMTmi #QiiH2M2+Fb- K�FBM; i?2 `�iBQMBM; �bbmKTiBQM � F2v p�`B�#H2 BM
T`2/B+iBM; �/p2`b2 2+QMQKB+ BKT�+ibX q2 7m`i?2` 2bi�#HBb? i?�i i?2 K�;MBim/2 Q7 BMBiB�H
b?Q+Fb �M/ M2irQ`F /2MbBiv ?2�pBHv BM~m2M+2 KQ/2H T`2/B+iBQMbX

E2vrQ`/b, *QpB/@RNc T`Q/m+iBQM M2irQ`Fbc BMTmi@QmiTmi KQ/2Hbc `�iBQMBM;c HBM2�` T`Q@
;`�KKBM;c 2+QMQKB+ b?Q+Fbc b?Q+F T`QT�;�iBQMc 2+QMQKB+ BKT�+i
C1G +Q/2b, *eRc *edc .8dc 1kj

�+FMQrH2/;K2Mib, q2 i?�MF 6X G�7QM/ 7Q` ?2HT7mH 722/#�+FX h?Bb rQ`F r�b bmTTQ`i2/ #v "�BHHB2 :BzQ`/-
S�`iM2`b 7Q` � L2r 1+QMQKv- i?2 lEǶb 1+QMQKB+ �M/ aQ+B�H _2b2�`+? *QmM+BH U1a_*V pB� i?2 _2#mBH/BM;
J�+`Q2+QMQKB+b L2irQ`F U:`�Mi _27, 1af_yyd3dsfRV- i?2 Pt7Q`/ J�`iBM S`Q;`�KK2 QM i?2 SQbi@*�`#QM
h`�MbBiBQM- �M/ i?2 AMbiBimi2 7Q` L2r 1+QMQKB+ h?BMFBM; �i i?2 Pt7Q`/ J�`iBM a+?QQHX h?Bb `2b2�`+? Bb
#�b2/ mTQM rQ`F bmTTQ`i2/ BM T�`i #v i?2 P{+2 Q7 i?2 .B`2+iQ` Q7 L�iBQM�H AMi2HHB;2M+2 UP.LAV- AMi2HHB;2M+2
�/p�M+2/ _2b2�`+? S`QD2+ib �+iBpBiv UA�_S�V- pB� +QMi`�+i MQX kyRN@RNykyRyyyjX h?2 pB2rb �M/ +QM+HmbBQMb
+QMi�BM2/ ?2`2BM �`2 i?Qb2 Q7 i?2 �mi?Q`b �M/ b?QmH/ MQi #2 BMi2`T`2i2/ �b M2+2bb�`BHv `2T`2b2MiBM; i?2 Q{+B�H
TQHB+B2b- 2Bi?2` 2tT`2bb2/ Q` BKTHB2/- Q7 P.LA- A�_S�- Q` i?2 lXaX :Qp2`MK2MiX h?2 lXaX :Qp2`MK2Mi Bb
�mi?Q`Bx2/ iQ `2T`Q/m+2 �M/ /Bbi`B#mi2 `2T`BMib 7Q` ;Qp2`MK2Mi�H Tm`TQb2b MQirBi?bi�M/BM; �Mv +QTv`B;?i
�MMQi�iBQM i?2`2BMX
*Q``2bTQM/BM; �mi?Q`, �MiQM SB+?H2` U�MiQMXTB+?H2`!K�i?bXQtX�+XmFV

R



R AMi`Q/m+iBQM
�M BKK�M2Mi 72�im`2 Q7 K�Mv M�im`�H �M/ �Mi?`QTQ;2MB+ /Bb�bi2`b Bb i?�i i?2v �z2+i #Qi? i?2
bmTTHv �M/ i?2 /2K�M/ bB/2 Q7 i?2 2+QMQKvX AM i?Bb T�T2` r2 bim/v i?2 *QpB/@RN T�M/2KB+
�b 2t2KTH�`v +�b2 Q7 bBKmHi�M2Qmb bmTTHv �M/ /2K�M/ b?Q+FbX amTTHv b?Q+Fb 7`QK i?2
T�M/2KB+ �`Bb2 7`QK /Bz2`2Mi bQm`+2bX 6Q` 2t�KTH2- /2�i?b �M/ bB+FM2bb Q7 2KTHQv22b +�M
H2�/ iQ HBKBi2/ T`Q/m+iBp2 +�T�+BiB2bX u2i i?2b2 2z2+ib �`2 KBMQ` +QKT�`2/ iQ M�iBQM@rB/2
HQ+F/QrM K2�bm`2b BKTQb2/ #v ;Qp2`MK2Mib iQ +m`# i?2 bT`2�/BM; Q7 i?2 pB`mbX .m`BM;
HQ+F/QrM rQ`F2`b 2KTHQv2/ BM MQM@2bb2MiB�H BM/mbi`B2b r?Q +�MMQi rQ`F `2KQi2Hv �`2 mM�#H2
iQ T2`7Q`K i?2B` DQ#b U/2H _BQ@*?�MQM� 2i �HX kyky- .BM;2H � L2BK�M kyky- EQ`2M � S2iǒ
kykyVX

h?2 T�M/2KB+ �HbQ �z2+ib /2K�M/ BM ?2i2`Q;2M2Qmb r�vb U*QM;`2bbBQM�H "m/;2i P{+2
kyye- /2H _BQ@*?�MQM� 2i �HX kyky- *?2iiv 2i �HX kyky- *�`p�H?Q 2i �HX kyky- *?2M 2i �HX
kykyVX q?BH2 r2 2tT2+i /2K�M/ b?Q+Fb iQ #2 +QKT�`�iBp2Hv bK�HH 7Q` bQK2 BM/mbi`B2b U2X;X
K�Mm7�+im`BM;V- Qi?2` BM/mbi`B2b �`2 bi`QM;Hv �z2+i2/ #v /2K�M/ b?Q+FbX �M BHHmbi`�iBp2
2t�KTH2 Bb i?2 i`�MbTQ`i�iBQM BM/mbi`v r?B+? Bb +QMbB/2`2/ �b 2bb2MiB�H BM K�Mv +QmMi`B2b
�M/ i?mb rQmH/ MQi 2tT2`B2M+2 �/p2`b2 bmTTHv bB/2 2z2+ibX "mi i?2 i`�MbTQ`i�iBQM BM/mbi`v
7�+2b H�`;2 /2K�M/ b?Q+Fb- bBM+2 +QMbmK2`b `2/m+2 /2K�M/ 7Q` �B` i`�p2H �M/ Tm#HB+ i`�MbTQ`i
iQ �pQB/ BM72+iBQmb 2tTQbm`2X

aBM+2 2+QMQKB+ �;2Mib �`2 2K#2//2/ BM T`Q/m+iBQM M2irQ`Fb- r2 2tT2+i i?�i i?2 Qp2`@
�HH 2+QMQKB+ BKT�+i Bb H�`;2` i?�M r?�i i?2 BMBiB�H b?Q+Fb iQ bmTTHv �M/ /2K�M/ bm;;2biX
.2K�M/ b?Q+Fb rBHH `2/m+2 i?2 b�H2b Q7 }`Kb �M/- #v #�+Fr�`/ T`QT�;�iBQM- �HbQ /BKBMBb?
i?2 b�H2b Q7 i?2B` bmTTHB2`bX amTTHv b?Q+Fb- QM i?2 Qi?2` ?�M/- rBHH bT`2�/ /QrMbi`2�K �M/
mTbi`2�KX .QrMbi`2�K 2z2+ib K�i2`B�HBx2 B7 i?2 HBKBi2/ T`Q/m+iBp2 +�T�+Biv Q7 bmTTHB2`b
+`2�i2b BMTmi #QiiH2M2+Fb 7Q` +mbiQK2`bX .m2 iQ HQr2` T`Q/m+iBp2 +�T�+BiB2b- }`Kb rBHH �HbQ
`2[mB`2 H2bb BMTmib 7Q` T`Q/m+iBQM- �M/ i?mb- �/p2`b2Hv �z2+iBM; mTbi`2�K bmTTHB2`b Q7 i?2b2
BMTmibX

AMTmi@QmiTmi UAPV KQ/2Hb �`2 7`2[m2MiHv mb2/ iQ KQ/2H ?B;?2`@Q`/2` 2+QMQKB+ BKT�+ib
�`BbBM; 7`QK bm+? 2tQ;2MQmb b?Q+FbX >Qr2p2`- KQbi Q7 i?2b2 KQ/2Hb �++QmMi 7Q` 2Bi?2` bmTTHv
Q` /2K�M/ b?Q+Fb #mi /Q MQi BM+Q`TQ`�i2 i?2K +QM+m``2MiHv U:�H#mb2`� � :B�MMQTQmHQb
kyR3VX AM i?Bb T�T2` r2 rBHH `2pBbBi 2tBbiBM; AP KQ/2HBM; i2+?MB[m2b �M/ BMi`Q/m+2 � MQp2H
/vM�KB+ �TT`Q�+? iQ �++QmMi 7Q` #Qi? ivT2b Q7 b?Q+FbX

a2p2`�H K�+`Q2+QMQKB+ KQ/2Hb r?B+? �++QmMi 7Q` i?2 T`Q/m+iBQM M2irQ`F bi`m+im`2 ?�p2
#22M bm;;2bi2/ iQ bim/v i?2 2+QMQKB+ BKT�+ib Q7 i?2 *QpB/@RN T�M/2KB+X AMQm2 � hQ/Q
UkykyV mb2 �M �;2Mi@#�b2/ KQ/2H +�HB#`�i2/ iQ KQ`2 i?�M � KBHHBQM C�T�M2b2 }`Kb iQ KQ/2H
M�iBQM@rB/2 2+QMQKB+ 2z2+ib Q7 � HQ+F/QrM BM hQFvQX lbBM; i?2 qQ`H/ AMTmi@PmiTmi .�i�#�b2
UqAP.V- J�M/2H � o22iBH UkykyV bim/v i?2 2z2+ib Q7 M�iBQM�H HQ+F/QrMb QM ;HQ#�H :.S BM
� MQM@2[mBHB#`BmK 7`�K2rQ`FX 6�/BM;2` � a+?vKBF UkykyV- "�[�22 � 6�`?B UkykyV- "QM�/BQ
2i �HX UkykyV �M/ "�``Qi 2i �HX UkykyV mb2 ;2M2`�H 2[mBHB#`BmK KQ/2Hb iQ [m�MiB7v 2+QMQKB+
BKT�+ib Q7 bQ+B�H /Bbi�M+BM;X �HH i?2b2 bim/B2b 7Q+mb QM i?2 bmTTHv bB/2 b?Q+Fb Q7 i?2 T�M@
/2KB+ �M/ rBi?Qmi 7m`i?2` +QMbB/2`BM; +?�M;2b BM }M�H +QMbmKTiBQMX 1t+2TiBQMb �`2 SB+?H2`
2i �HX UkykyV �M/ :m�M 2i �HX UkykyV r?Q BM+Q`TQ`�i2 #Qi? bmTTHv �M/ /2K�M/ b?Q+Fb BM
i?2B` T`Q/m+iBQM M2irQ`F KQ/2HbX

AM +QMi`�bi iQ i?2b2 bim/B2b- r2 +QMbB/2` bBKTH2` KQ/2HBM; i2+?MB[m2b /2`Bp2/ 7`QK i`�@
/BiBQM�H AP KQ/2HBM; r?B+? r2 2ti2M/ bm+? i?�i i?2v +�M �++QmMi 7Q` bBKmHi�M2Qmb bmTTHv
�M/ /2K�M/ b?Q+FbX q2 7QHHQr i?Bb �TT`Q�+? iQ #2ii2` BbQH�i2 mM/2`HvBM; K2+?�MBbKb Q7
b?Q+F T`QT�;�iBQM BM T`Q/m+iBQM M2irQ`Fb i?�i +�M #2 ?�`/ iQ /Bb2Mi�M;H2 BM KQ`2 bQT?Bb@
iB+�i2/ K�+`Q2+QMQKB+ KQ/2HbX q?2M �TTHvBM; T�M/2KB+ b?Q+Fb iQ /�i� 7`QK :2`K�Mv-
Ai�Hv �M/ aT�BM- r2 }M/ i?�i 2tBbiBM; AP KQ/2HBM; i2+?MB[m2b vB2H/ BM72�bB#H2 bQHmiBQMb Q7
2+QMQKB+ BKT�+ibX q2 i?2`27Q`2 bm;;2bi � bBKTH2 HBM2�` T`Q;`�KKBM; �TT`Q�+? r?B+? �HHQrb

k



mb i?2 /2i2`KBM2 72�bB#H2 K�`F2i �HHQ+�iBQMb- `2T`2b2MiBM; � HQr2` #QmM/ Q7 KBMBK�H b?Q+F
T`QT�;�iBQMX hQ }M/ KQ`2 `2�HBbiB+ BKT�+i 2biBK�i2b- r2 7QHHQr � #QiiQK@mT �TT`Q�+? #v
2[mBTTBM; }`Kb rBi? �Hi2`M�iBp2 `�iBQMBM; #2?�pBQ`b BM +�b2 i?2v 7�+2 QmiTmi +QMbi`�BMibX
h?Bb b2imT �HHQrb mb iQ /vM�KB+�HHv KQ/2H i?2 T`QT�;�iBQM Q7 b?Q+Fb BM T`Q/m+iBQM M2irQ`Fb
�M/ mM+Qp2` b2p2`�H i?2Q`2iB+�H BKTHB+�iBQMbX

Pm` T�T2` +QMi`B#mi2b iQ i?2 }2H/ Q7 AP KQ/2Hb BM /Bb�bi2` BKT�+i �bb2bbK2Mi- 7Q` r?B+?
� `2+2Mi `2pB2r +�M #2 7QmM/ BM :�H#mb2`� � :B�MMQTQmHQb UkyR3VX �MQi?2` `2+2Mi bim/v
+QKT�`2b T`2/B+iBQMb Q7 �Hi2`M�iBp2 AP KQ/2Hb 7Q` bmTTHv bB/2 M�im`�H /Bb�bi2`b U�p2HBMQ �
.�HHǶ2`#� kyRNVX aBKBH�` iQ Qm` /2`Bp�iBQM Q7 � HQr2` #QmM/ Q7 b?Q+F T`QT�;�iBQM- EQFb
� h?Bbb2M UkyReV �M/ PQbi2`?�p2M � "QmrK22bi2` UkyReV `2Hv QM QTiBKBx�iBQM i2+?MB[m2b
iQ �++QmMi 7Q` bmTTHv +QMbi`�BMib BM /2K�M/@/`Bp2M KQ/2HbX h?2 KQ/2HBM; Q7 �Hi2`M�iBp2
`�iBQMBM; �H;Q`Bi?Kb Bb `2H�i2/ iQ i?2 bim/B2b Q7 ai22M;2 � "QÍF�`DQp� UkyydV- GB 2i �HX
UkyRjV �M/ EQFb 2i �HX UkyR8V r?B+? �HHQr 7Q` BK#�H�M+2/ AP i�#H2b BKK2/B�i2Hv �7i2` i?2
/Bb�bi2` bi`BF2b �M/ 2p�Hm�i2 /Bz2`2Mi `2+Qp2`v T�i?bX

Pm` }M/BM;b b?Qr i?�i b?Q+F �KTHB}+�iBQM Bb Km+? H�`;2` BM i?2 #QiiQK@mT �TT`Q�+?2b
i?�M r?�i #2bi@+�b2 b+2M�`BQb rQmH/ bm;;2biX JB+`Q@H2p2H +QQ`/BM�iBQM 7�BHm`2b +�M b2p2`2Hv
2t�+2`#�i2 �/p2`b2 2+QMQKB+ b?Q+FbX _�iBQMBM; �bbmKTiBQMb TH�v � F2v `QH2 BM BKT�+i 2biB@
K�i2b �M/ �Hi2`M�iBp2 #2?�pBQ`�H `mH2b +�M H2�/ iQ p�biHv /Bz2`2Mi �;;`2;�i2 Qmi+QK2bX h?2b2
2z2+ib bi`QM;Hv BMi2`�+i rBi? i?2 Qp2`�HH b?Q+F K�;MBim/2 �b r2HH �b i?2 H2p2H Q7 +QMM2+i2/@
M2bb BM i?2 T`Q/m+iBQM M2irQ`FX q?BH2 r2 }M/ i?�i 2+QMQKB+ BKT�+ib BM+`2�b2 rBi? ?B;?2`
H2p2Hb Q7 M2irQ`F /2MbBiv BM ;2M2`�H- i?2 2ti2Mi iQ r?B+? i?Bb Bb i`m2 bi`QM;Hv /2T2M/b QM i?2
mM/2`HvBM; `�iBQMBM; K2+?�MBbKbX Pm` `2bmHib �HbQ BKTHv i?�i 2biBK�i2b Q7 2+QMQKB+ BKT�+i
+�M #2 ?B;?Hv b2MbBiBp2 rBi? `2bT2+i iQ /�i� [m�HBiv �M/ �;;`2;�iBQMX

h?Bb T�T2` Bb Q`;�MBx2/ �b 7QHHQrbX q2 }`bi /Bb+mbb }`bi@Q`/2` T�M/2KB+ b?Q+Fb iQ bmTTHv
�M/ /2K�M/- �b r2HH �b i?2 /�i�b2ib mb2/ Ua2+iBQM kVX AM a2+iBQM j r2 BMi`Q/m+2 i?2 #�bB+
AP 7`�K2rQ`F �M/ b?Qr i?�i i?2 KBt2/ 2M/Q;2MQmbf2tQ;2MQmb KQ/2HBM; 7`�K2rQ`F `2bmHib
BM BM72�bB#H2 2+QMQKB+ �HHQ+�iBQMbX a2+iBQM 9 /Bb+mbb2b i?2 K�BM `2bmHib Q7 i?Bb T�T2`X q2
T`QTQb2 �M QTiBKBx�iBQM K2i?Q/ BM a2+iBQM 9XR �M/ BMi`Q/m+2 �Hi2`M�iBp2 `�iBQMBM; �H;Q`Bi?Kb
BM a2+iBQM 9Xk iQ KQ/2H b?Q+F T`QT�;�iBQM BM bmTTHv �M/ /2K�M/ +QMbi`�BM2/ T`Q/m+iBQM
M2irQ`FbX q2 b?Qr 2KTB`B+�H `2bmHib �M/ /Bb+mbb 7m`i?2` i?2Q`2iB+�H BKTHB+�iBQMb BM a2+iBQM
9Xj #27Q`2 +QM+Hm/BM; BM a2+iBQM 8X

k S�M/2KB+ b?Q+Fb iQ bmTTHv �M/ /2K�M/
Pm` �M�HvbBb Bb #�b2/ QM i?2 KQbi `2+2Mi v2�` UkyR9V Q7 i?2 qQ`H/@AMTmi@PmiTmi@.�i�#�b2
UqAP.V UhBKK2` 2i �HX kyR8VRX q2 mb2 2biBK�i2b Q7 bmTTHv �M/ /2K�M/ b?Q+Fb 7`QK i?2
HBi2`�im`2 iQ /2i2`KBM2 K�tBKmK }M�H +QMbmKTiBQM �M/ T`Q/m+iBQM p�Hm2b 7Q` 89 BM/mbi`B2b
BM i?`22 K�DQ` 1m`QT2�M 2+QMQKB2b- BX2X :2`K�Mv- Ai�Hv �M/ aT�BMkX q2 7Q+mb QM i?2b2
2+QMQKB2b #2+�mb2 2tBbiBM; `2b2�`+? T`QpB/2b mb rBi? HBbib Q7 2bb2MiB�H BM/mbi`B2b �M/ i?mb
�HHQrb mb iQ K�F2 `2�bQM�#H2 2biBK�i2b Q7 bmTTHv b?Q+FbX

q2 7QHHQr i?2 �TT`Q�+? Q7 /2H _BQ@*?�MQM� 2i �HX UkykyV iQ +QKTmi2 bmTTHv b?Q+Fb 7Q`
2p2`v BM/mbi`v /m`BM; � HQ+F/QrMX � bmTTHv b?Q+F Bb +�mb2/ #v i?2 `2KQp�H Q7 H�#Q` BM
MQM@2bb2MiB�H BM/mbi`B2b /m2 iQ bQ+B�H /Bbi�M+BM; K2�bm`2bX AM +QMi`�bi- �M BM/mbi`v r?B+? Bb
/2}M2/ �b 2bb2MiB�H rBHH MQi #2 �z2+i2/X 1p2M B7 2KTHQv2/ BM MQM@2bb2MiB�H BM/mbi`B2b- rQ`F2`b
r?Q +�M �++QKTHBb? i?2B` rQ`F 7`QK ?QK2 rBHH /Q bQ �M/ �`2 �bbmK2/ iQ F22T T`2@HQ+F/QrM

R�HH +Q/2 �M/ /�i� iQ `2T`Q/m+2 i?Bb T�T2` Bb K�/2 �++2bbB#H2 QMHBM2, ?iiTb,ffrrrX/QBXQ`;fRyX8k3Rf
x2MQ/QX9jke3R8X

kq2 `2KQp2/ BM/mbi`B2b h U>Qmb2?QH/ �+iBpBiB2bV �M/ l U1ti`�i2``BiQ`B�H �+iBpBiB2bV 7`QK Qm` �M�HvbBb bBM+2
i?2v �`2 MQi +QMM2+i2/ iQ Qi?2` BM/mbi`B2b BM i?2 /�i� �M/ i?mb /QMǶi TH�v �Mv `QH2 BM i?2 T`QT�;�iBQM Q7
b?Q+Fb BM i?2 T`Q/m+iBQM M2irQ`FX

j



T`Q/m+iBpBiv H2p2HbX h?2 _2KQi2 G�#Q` AM/2t _GAi BM/B+�i2b i?2 b?�`2 Q7 �M BM/mbi`vǶb
H�#Q` 7Q`+2 i?�i +�M rQ`F 7`QK ?QK2X h?2 bmTTHv b?Q+F iQ BM/mbi`v i Bb i?2M +QKTmi2/ �b
εSi = (1− _GAi)(1− 2i)- r?2`2 2i Bb i?2 b?�`2 Q7 �M BM/mbi`v /2}M2/ �b 2bb2MiB�HX h?mb- i?2
bmTTHv b?Q+F Q7 �M BM/mbi`v /m`BM; HQ+F/QrM Bb i?2 b?�`2 Q7 H�#Q` BM MQM@2bb2MiB�H BM/mbi`B2b
i?�i +�MMQi rQ`F 7`QK ?QK2X q2 �bbmK2 i?�i i?2 bmTTHv b?Q+F iQ �M BM/mbi`v /2i2`KBM2b
i?2 K�tBKmK T`Q/m+iBQM Q7 �M BM/mbi`v- BX2X

xK�t
i = (1− εSi )xi,0, URV

r?2`2 xi,0 /2MQi2b i?2 T`Q/m+iBQM BM BM/mbi`v i #27Q`2 HQ+F/QrMX 6QHHQrBM; i?Bb �TT`Q�+?-
2p2`v BM/mbi`v 7�+2b #BM/BM; bmTTHv bB/2 +QMbi`�BMib- HBKBiBM; Bib T`Q/m+iBQM iQ xi ∈ [0, xK�t

i ]X
h?2 _2KQi2 G�#Q` AM/2t Bb i�F2M 7`QK /2H _BQ@*?�MQM� 2i �HX UkykyV �M/ BM/mbi`v@bT2+B}+
2bb2MiB�H `�iBM;b 7Q` :2`K�Mv- Ai�Hv �M/ aT�BM �`2 Q#i�BM2/ 7`QK 6�M� 2i �HX UkykyVX

hQ /2i2`KBM2 }`bi@Q`/2` /2K�M/ b?Q+Fb iQ 2p2`v BM/mbi`v- εDi - r2 mb2 2biBK�i2b Q7 �
T`QbT2+iBp2 *QM;`2bbBQM�H "m/;2i P{+2 U*"PV bim/v �BKBM; �i [m�MiB7vBM; i?2 /2K�M/@
bB/2 BKT�+i Q7 � T�M/2KB+ U*QM;`2bbBQM�H "m/;2i P{+2 kyyeVX .2K�M/ �M/ bmTTHv b?Q+F
/�i� ?�b #22M K�TT2/ iQ qAP. BM/mbi`v +�i2;Q`B2b #v SB+?H2` 2i �HX UkykRV �M/ �`2 T`2b2Mi2/
BM /2i�BH BM �TT2M/Bt �X �b 7Q` bmTTHv b?Q+Fb- r2 �bbmK2 i?�i /2K�M/ b?Q+Fb /2i2`KBM2
K�tBKmK }M�H +QMbmKTiBQM p�Hm2b �++Q`/BM; iQ

fK�t
i = (1− εDi )fi,0, UkV

r?2`2 fi,0 `2T`2b2Mib T`2@HQ+F/QrM }M�H +QMbmKTiBQMX aBM+2 +QMbmKTiBQM +�MMQi #2 M2;�@
iBp2- r2 ?�p2 fi ∈ [0, fK�t

i ]j X LQi2 i?�i qAP. /BbiBM;mBb?2b /Bz2`2Mi }M�H +QMbmKTiBQM
+�i2;Q`B2bX q2 �TTHv i?2 *"P 2biBK�i2b iQ }M�H +QMbmKTiBQM Q7 ?Qmb2?QH/b �M/ MQM@T`Q}i
Q`;�MBx�iBQMb �M/ �bbmK2 � RyW b?Q+F iQ BMp2biK2Mib �M/ 2tTQ`ib �b BM SB+?H2` 2i �HX UkykRVX
AM i?Bb T�T2` r2 /Q MQi 7m`i?2` /BbiBM;mBb? #2ir22M /Bz2`2Mi }M�H +QMbmKTiBQM +�i2;Q`B2b
#mi 7Q` bBKTHB+Biv QMHv +QMbB/2` iQi�H }M�H +QMbmKTiBQM p�Hm2b 7Q` 2p2`v BM/mbi`vX h�#H2 R
b?Qrb +QmMi`v �;;`2;�i2b Q7 2bb2MiB�HM2bb b+Q`2b- _2KQi2 G�#Q` AM/2t- bmTTHv �M/ /2K�M/
b?Q+FbX

x f εS εD _GA e
:2`K�Mv d-yeeXd9 9-99dXRR yXjR yXyN yX9k yX9N

Ai�Hv 9-yd8X9y k-j9jXRk yXkd yXRR yX9R yX88
aT�BM k-8edXNR R-88kX33 yXjj yXRj yX9y yX99

h�#H2 R, *QmMi`v �;;`2;�i2bX *QHmKMb x =
∑

i xi,0 �M/ f =
∑

i fi,0 �`2 +QmMi`v ;`Qbb QmiTmi �M/ }M�H
+QMbmKTiBQM BM #BHHBQM la. #�b2/ QM kyR9 p�Hm2bX εS = 1 −

∑
i x

K�t
i /x �M/ εD = 1 −

∑
i f

K�t
i /f �`2 iQi�H

bmTTHv �M/ /2K�M/ b?Q+Fb- `2bT2+iBp2HvX _GA =
∑

i _GAixi,0/x �M/ e =
∑

i eixi,0/x /2MQi2 i?2 +QmMi`v@rB/2
_2KQi2 G�#Q` AM/2t �M/ 2bb2MiB�HM2bb b+Q`2 QM r?B+? bmTTHv b?Q+Fb �`2 #�b2/X

j AP 7`�K2rQ`F �M/ KBt2/ 2M/Q;2MQmbf2tQ;2MQmb KQ/2HBM;
q2 }`bi BMi`Q/m+2 #�bB+ M�iBQM�H �++QmMiBM; B/2MiBiB2b r?B+? #mBH/ i?2 #�bBb 7Q` KQbi AP
KQ/2HbX G2i mb +QMbB/2` �M 2+QMQKv +QMbBbiBM; Q7 N BM/mbi`B2bX AMi2`@BM/mbi`v Tm`+?�b2b
�M/ b�H2b �`2 2M+Q/2/ BM i?2 BMi2`K2/B�i2 +QMbmKTiBQM K�i`Bt Z r?2`2 �M 2H2K2Mi Zij

/2MQi2b i?2 iQi�H KQM2i�`v p�Hm2 Q7 ;QQ/b T`Q/m+2/ #v BM/mbi`v i i?�i �`2 +QMbmK2/ #v
jAM T`BM+BTH2- fi +QmH/ #2 M2;�iBp2 B7 i?2`2 Bb 2ti`2K2Hv H�`;2 BMp2MiQ`v /2TH2iBQMX h?Bb Bb MQi i?2 +�b2

BM Qm` /�i�X AM M�iBQM�H �++QmMib BMp2MiQ`v �/DmbiK2Mi K2`2Hv `2T`2b2Mib � p�`B�#H2 iQ `2#�H�M+2 `Qr �M/
+QHmKM bmKb Q7 AP i�#H2bX q2 i?2`27Q`2 /Q MQi +QMbB/2` i?2 TQbbB#BHBiv Q7 M2;�iBp2 }M�H /2K�M/X
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BM/mbi`v jX 6Q` i?2 N @/BK2MbBQM�H p2+iQ`b Q7 ;`Qbb QmiTmi- iQi�H }M�H +QMbmKTiBQM �M/
p�Hm2 �//2/- r2 r`Bi2 x- f �M/ v- `2bT2+iBp2HvX AM i?Bb 2+QMQKv i?2 7QHHQrBM; B/2MiBiB2b ?QH/

x = Z1+ f = Z!1+ v, UjV

r?2`2 1 Bb � p2+iQ` Q7 QM2bX
� +Q`2 �bbmKTiBQM BM � G2QMiB27@BMbTB`2/ KQ/2HBM; 7`�K2rQ`F Bb i?�i BM/mbi`B2b T`Q/m+2

#�b2/ QM }t2/ T`Q/m+iBQM `2+BT2b- �HHQrBM; mb iQ `2r`Bi2 i?2 }`bi B/2MiBiv Q7 1[X UjV �b

x = Ax+ f = Lf , U9V

r?2`2 A Bb i?2 i2+?MB+�H +Q2{+B2Mi K�i`Bt rBi? 2H2K2Mib Aij ≡ Zij/xj Ui?2 T`Q/m+iBQM
`2+BT2V �M/ L i?2 G2QMiB27 BMp2`b2 L ≡ (I−A)−1X � +QMp2MiBQM�H �bbmKTiBQM Bb i?�i ;`Qbb
QmiTmi Bb /2i2`KBM2/ 2M/Q;2MQmbHv- r?2`2�b }M�H +QMbmKTiBQM Bb i�F2M iQ #2 �b 2tQ;2MQmbX
Ai i?2M 7QHHQrb i?�i p�Hm2 �//2/ Bb Q#i�BM2/ �b � `2bB/m�H p�`B�#H2X

1[X U9V Bb �i i?2 +Q`2 Q7 K�Mv AP KQ/2Hb r?B+? �`2 7`2[m2MiHv mb2/ 7Q` /Bb�bi2` BKT�+i
�M�HvbBbX h?Bb bT2+B}+�iBQM /2}M2b � /2K�M/@/`Bp2M KQ/2HX >Qr2p2`- �b r2 ?�p2 �H`2�/v
bi`2bb2/- K�Mv 2+QMQKB+ b?Q+Fb �+im�HHv �+i QM i?2 bmTTHv bB/2 Q7 i?2 2+QMQKvX 6Q` 2t�KTH2-
M�im`�H +�i�bi`QT?2b bm+? �b 2�`i?[m�F2b Q` ~QQ/b /2bi`Qv T?vbB+�H +�TBi�H- TmiiBM; mTT2`
HBKBib QM �M BM/mbi`vǶb T`Q/m+iBQM BM i?2 /Bb�bi2` �7i2`K�i?X 1[X U9V- ?Qr2p2`- M2;H2+ib bmT@
THv +�T�+Biv +QMbi`�BMib �M/ BKTHB2b �M BM}MBi2 2H�biB+Biv Q7 bmTTHv rBi? `2bT2+i iQ /2K�M/X
h?Bb Bb T�`iB+mH�`Hv T`Q#H2K�iB+ ;Bp2M i?2 7`2[m2Mi b?Q`i@i2`K 7Q+mb Q7 AP bim/B2bX

Ai b?QmH/ #2 TQBMi2/ Qmi i?�i i?2`2 �`2 �HbQ bmTTHv@/`Bp2M AP KQ/2Hb #mBH/BM; mTQM
i?2 :?Qb? KQ/2H U:?Qb? RN83V r?B+? �bbmK2b 2tQ;2MQmb T`BK�`v 7�+iQ`b �M/ /2`Bp2b }M�H
+QMbmKTiBQM p�Hm2b 2M/Q;2MQmbHvX h?2 :?Qb? KQ/2H /Q2b MQi +QKTHv rBi? � G2QMiB27 T`Q@
/m+iBQM 7mM+iBQM �M/ ?�b #22M ?2�pBHv +`BiB+Bx2/ �KQM;bi Qi?2` �bT2+ib 7Q` i?2 �bbmKTiBQM
Q7 T2`72+i /2K�M/ 2H�biB+BiB2b �M/ T2`72+i bm#biBimiBQM Q7 BMTmib UPQbi2`?�p2M RN33- :`m@
p2` RN3N- .2 J2bM�`/ kyyNVX h?2 AP BMQT2`�#BHBiv KQ/2H U>�BK2b � CB�M; kyyR- a�MiQb �
>�BK2b kyy9V Bb �MQi?2` MQi�#H2 bmTTHv@bB/2 7Q+mb2/ KQ/2HX Ai ?�b #22M b?QrM- ?Qr2p2`-
i?�i Bi +HQb2Hv +Q``2bTQM/b iQ +QMp2MiBQM�H AP KQ/2HBM; �TT`Q�+?2b U.B2ix2M#�+?2` � JBHH2`
kyR8V r?B+? r2 /Bb+mbb BM /2i�BH #2HQrX

L2Bi?2` i?2 /2K�M/@ MQ` i?2 bmTTHv@/`Bp2M bT2+B}+�iBQM Q7 AP KQ/2Hb �`2 �#H2 iQ BM+Q`@
TQ`�i2 bmTTHv �M/ /2K�M/ b?Q+Fb bBKmHi�M2QmbHvX � TQi2MiB�H `2K2/v Bb i?2 KBt2/ 2M/Q;2@
MQmbf2tQ;2MQmb KQ/2H UJ11JV r?B+? ?�b #22M �TTHB2/ BM b2p2`�H bim/B2b BM+Hm/BM; ai2BM@
#�+F Ukyy9V- E2`b+?M2` � >m#�+2F UkyyNV �M/ �`iQ 2i �HX UkyR8V h?2 J11J �+FMQrH2/;2b
i?�i MQi QMHv }M�H /2K�M/ Bb +QMbi`�BM2/ #mi i?�i 7Q` bQK2 BM/mbi`B2b bmTTHv +QMbi`�BMib
�`2 KQ`2 b2p2`2 �M/ i?2`27Q`2 #BM/BM;X AM i?2 J11J i?2 N BM/mbi`B2b �`2 /BpB/2/ BMiQ irQ
;`QmTbX h?2 }`bi ;`QmT Bb i?2 b2i Q7 N s bmTTHv +QMbi`�BM2/ BM/mbi`B2b �M/ i?2 b2+QM/ ;`QmT
i?2 Nd /2K�M/@+QMbi`�BM2/ BM/mbi`B2b Ur2 ?�p2 N s + Nd = NVX q2 +�M mb2 i?Bb b2imT iQ
T�`iBiBQM 1[X U9V BMiQ (

xs

xd

)
=

(
Ass Asd

Ads Add

)(
xs

xd

)
+

(
f s

fd

)
, U8V

r?2`2 bmT2`b+`BTib s �M/ d /2MQi2 bmTTHv �M/ /2K�M/ +QMbi`�BM2/ BM/mbi`B2b- `2bT2+iBp2HvX
h?2 K�i`Bt #HQ+F Asd BM/B+�i2b i?2 BMTmi `2+BT2b Q7 /2K�M/ +QMbi`�BM2/ +mbiQK2`b rBi?
`2bT2+i iQ QmiTmi +QMbi`�BM2/ bmTTHB2`b �M/ �M�HQ;QmbHv 7Q` i?2 Qi?2` #HQ+FbX AM i?Bb 7`�K2@
rQ`F p2+iQ`b f s �M/ xd �`2 2M/Q;2MQmb �M/ fd �M/ xs 2tQ;2MQmbX _2�``�M;BM; 1[X U8V bm+?
i?�i �HH 2M/Q;2MQmb p�`B�#H2b �TT2�` QM i?2 H27i@?�M/ bB/2 �M/ �HH 2tQ;2MQmb p�`B�#H2b QM i?2
`B;?i@?�M/ bB/2- vB2H/b

(
f s

xd

)
=

(
I Asd

0 I−Add

)−1(
I−Ass 0
Ads I

)(
xs

fd

)
UeV
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U7Q` /2i�BHb b22 JBHH2` � "H�B` UkyyNV- ekR@ejjVX
LQi2 i?�i i?2 J11J BM+Q`TQ`�i2b #Qi? bmTTHv �M/ /2K�M/ b?Q+Fb- #mi MQi bBKmHi�M2@

QmbHv 7Q` � bBM;H2 BM/mbi`vX AMbi2�/- �M BM/mbi`v Bb 2Bi?2` bmTTHv Q` /2K�M/ +QMbi`�BM2/X �
/B{+mHiv BM 2KTB`B+�H �M�HvbBb Bb iQ /2}M2 r?B+? BM/mbi`B2b �`2 bmTTHv �M/ r?B+? �`2 /2K�M/
+QMbi`�BM2/X AM bQK2 +�b2b i?2`2 KB;?i #2 ǳM�im`�HǴ /BbiBM+iBQMbX 6Q` 2t�KTH2- �`iQ 2i �HX
UkyR8V bim/v ;HQ#�H bmTTHv +?�BM /Bb`mTiBQM 2z2+ib Q7 i?2 kyRR hǔ?QFm 2�`i?[m�F2 #v bQHp@
BM; i?2 J11J r?2`2 QMHv i?2 C�T�M2b2 i`�MbTQ`i 2[mBTK2Mi BM/mbi`v Bb bmTTHv +QMbi`�BM2/-
r?2`2�b 7Q` �HH Qi?2` BM/mbi`B2b ;`Qbb QmiTmi Bb 2M/Q;2MQmbX AM +�b2 Q7 bBKmHi�M2Qmb Ub2p2`2V
bmTTHv �M/ /2K�M/ b?Q+Fb i?2 HBM2 Q7 /BbiBM+iBQM rBHH #2 KQ`2 #Hm``2/X

hQ �TTHv i?2 J11J BM i?2 T�M/2KB+ +QMi2ti- r2 +�i2;Q`Bx2 BM/mbi`B2b BMiQ � /2K�M/ �M/
� bmTTHv +QMbi`�BM2/ ;`QmT #�b2/ QM r?B+? b?Q+F Bb H�`;2`X A7 i?2 bmTTHv b?Q+F Q7 �M BM/mbi`v
2t+22/b Bib /2K�M/ b?Q+F BM �#bQHmi2 i2`Kb- r2 i`2�i i?Bb BM/mbi`v �b bmTTHv +QMbi`�BM2/
�M/ pB+2 p2`b�X h?2 b?Q+F K�;MBim/2b 7Q` bmTTHv �M/ /2K�M/ 7Q` 2�+? BM/mbi`v �`2 ;Bp2M �b

xaa
i = xi,0 − xK�t

i = −εSi xi,0, UdV
f.a
i = ci,0 − fK�t

i = −εDi fi,0, U3V

r?2`2 daa
i /2MQi2b i?2 iQi�H bmTTHv b?Q+F �M/ f.a

i i?2 /2K�M/ b?Q+FX A7 xaa
i > f.a

i - r2
+QMbB/2` i?Bb BM/mbi`v �b bmTTHv +QMbi`�BM2/ �M/ r2 rBHH mb2 Bib ;`Qbb QmiTmi p�Hm2b QM i?2
`B;?i ?�M/ bB/2 Q7 1[X UeVX Pi?2`rBb2 r2 i`2�i Bi �b /2K�M/ +QMbi`�BM2/X

6QHHQrBM; i?Bb �TT`Q�+?- r2 �TTHv i?2 J11J iQ i?2 AP /�i� Q7 :2`K�Mv- Ai�Hv �M/ aT�BM
#v +�HB#`�iBM; Bi iQ i?2 2biBK�i2/ T�M/2KB+ bmTTHv �M/ /2K�M/ b?Q+FbX �b b?QrM BM 6B;X
R- i?2 J11J /Q2b MQi vB2H/ � 72�bB#H2 bQHmiBQM 7Q` �Mv Q7 i?2 i?`22 +QmMi`B2bX oBQH�iBQMb Q7
72�bB#BHBiv +QM/BiBQMb �`2 KQbi 7`2[m2Mi 7Q` aT�BM- r?B+? 7�+2b i?2 H�`;2bi b?Q+Fb iQ bmTTHv �M/
/2K�M/X h?2 KQ/2H /Q2b MQi +QKTmi2 �Mv M2;�iBp2 }M�H +QMbmKTiBQM p�Hm2b 7Q` :2`K�Mv-
#mi biBHH �HHQ+�i2b }M�H +QMbmKTiBQM p�Hm2b iQ BM/mbi`B2b r?B+? �`2 H�`;2` i?�M fK�t

i X
AM �TT2M/Bt " r2 7m`i?2` BMp2biB;�i2 i?2 KQ/2HBM; `2bmHib Q7 i?2 J11J �M/ b?Qr i?�i

BM72�bB#H2 bQHmiBQMb �`2 MQi HBKBi2/ iQ +�b2b Q7 H�`;2 bmTTHv �M/ /2K�M/ b?Q+Fb #mi +�M �HbQ
�`Bb2 7Q` p2`v bK�HH }`bi@Q`/2` b?Q+FbX h?2b2 }M/BM;b BM/B+�i2 i?�i i?2 J11J Bb T`QM2 iQ
vB2H/ BKTQbbB#H2 K�`F2i Qmi+QK2b BM T`2b2M+2 Q7 bBKmHi�M2Qmb bmTTHv �M/ /2K�M/ b?Q+FbX
h?mb- i?2 J11J /Q2b MQi b22K iQ #2 � ;QQ/ +�M/B/�i2 7Q` BKT�+i �bb2bbK2Mi Q7 i?2 +m``2Mi
T�M/2KB+X

e
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6B;m`2 R, 6BM�H +QMbmKTiBQM p�Hm2b 7`QK KBt2/ 2tQ;2MQmbf2M/Q;2MQmb AP KQ/2HBM; rBi? bB@
KmHi�M2Qmb bmTTHv �M/ /2K�M/ b?Q+FbX "H�+F +B`+H2b BM/B+�i2 BMBiB�H T`2@b?Q+F p�Hm2b- `2/ +B`+H2b
/2K�M/@+QMbi`�BM2/ BM/mbi`B2b �M/ #Hm2 +B`+H2b bmTTHv@+QMbi`�BM2/ BM/mbi`B2bX LQi2 i?�i /2K�M/@+QMbi`�BM2/
+QMbmKTiBQM p�Hm2b �`2 2tQ;2MQmbHv /2i2`KBM2/ #v i?2 }`bi@Q`/2` b?Q+Fb- r?BH2 BM Qi?2` +�b2b i?2 +?�M;2 BM
QmiTmi /2T2M/b QM i?2 ?B;?2` Q`/2` 2z2+ib QM i?2 r?QH2 2+QMQKvX _2/ HBM2b BM/B+�i2 i?2 Qp2`�HH +?�M;2 BM
T`Q/m+iBQM 7Q` 2�+? b2+iQ`X LmK#2`b iQ i?2 `B;?i Q7 #Qi? T�M2Hb BM/B+�i2 i?2 p�Hm2 +?�M;2 BM T2`+2Mi�;2b �M/
�`2 +QHQ`2/ `2/ B7 i?2 `2bmHi Bb BM72�bB#H2X

9 a?Q+F T`QT�;�iBQM BM T`Q/m+iBQM M2irQ`Fb
h?2 `2bmHib Q7 i?2 T`2pBQmb b2+iBQM K�F2 Bi +H2�` i?�i r2 M22/ �Hi2`M�iBp2 K2i?Q/b iQ /2�H
rBi? bBKmHi�M2Qmb bmTTHv �M/ /2K�M/ b?Q+FbX q2 T`QTQb2 irQ M2r K2i?Q/b iQ KQ/2H
i?2 T`QT�;�iBQM Q7 bmTTHv �M/ /2K�M/ b?Q+Fb i?`Qm;? i?2 T`Q/m+iBQM M2irQ`FX 6B`bi- r2
�TT`Q�+? i?2 T`Q#H2K 7`QK i?2 T2`bT2+iBp2 Q7 � TQHB+vK�F2` r?Q �HHQ+�i2b ;QQ/b Tm`TQb27mHHv
iQ K�tBKBx2 2Bi?2` iQi�H ;`Qbb QmiTmi Q` iQi�H }M�H +QMbmKTiBQM rBi?BM i?2 ;Bp2M 2+QMQKB+
+QMbi`�BMibX h?Bb rBHH ;Bp2 mb � #2bi@+�b2 b+2M�`BQ Q7 M2;�iBp2 2+QMQKB+ BKT�+ib- BX2X i?2
KBMBK�H /2+`2�b2 BM iQi�H QmiTmi �M/ }M�H +QMbmKTiBQM M2+2bb�`v iQ �``Bp2 rBi?BM i?2 b2i Q7
72�bB#H2 bQHmiBQMb ;Bp2M i?2 2tQ;2MQmb +QMbi`�BMib iQ bmTTHv �M/ /2K�M/X

q?BH2 /2`BpBM; � HQr2` #QmM/ Bb p�Hm�#H2- Bi Bb mMHBF2Hv iQ #2 `2�HBbiB+X q2 i?2`27Q`2
+QMbB/2` � b2+QM/ �TT`Q�+? #v +QKT�`BM; �Hi2`M�iBp2 `�iBQMBM; �H;Q`Bi?KbX A7 � }`K Bb
bmTTHv +QMbi`�BM2/- Bi rBHH MQi #2 �#H2 iQ b�iBb7v �HH Q7 Bib /2K�M/ �M/ i?mb M22/b iQ K�F2 �
/2+BbBQM r?B+? +mbiQK2` iQ b2`p2 iQ r?�i 2ti2MiX q2 BKTH2K2Mi b2p2`�H /2+BbBQM `mH2b �M/
BMp2biB;�i2 ?Qr i?Bb +?QB+2 BM~m2M+2b i?2 2biBK�i2/ 2+QMQKB+ BKT�+iX AM +QMi`�bi iQ i?2
QTiBKBx�iBQM K2i?Q/ Q` i?2 J11J- r?B+? bBKTHv +QKTmi2 �M 2[mBHB#`BmK- i?Bb �TT`Q�+?
2tTHB+BiHv +QKTmi2b i?2 i`�MbB2Mi /vM�KB+b i?�i H2�/ iQ � M2r 2[mBHB#`BmKX

9XR PTiBK�H K�`F2i �HHQ+�iBQMb
:Bp2M 2tQ;2MQmb +QMbi`�BMib iQ bmTTHv �M/ /2K�M/- r?�i Bb i?2 72�bB#H2 K�`F2i �HHQ+�iBQM
i?�i K�tBKBx2b }M�H +QMbmKTiBQM �M/fQ` iQi�H QmiTmi\ h?2 bQHmiBQM M22/b iQ HB2 rBi?BM
2tQ;2MQmb #QmM/b QM bmTTHv �M/ /2K�M/ �M/ �HbQ M22/b iQ b�iBb7v i?2 �bbmKTiBQM Q7 G2QMiB27

d



T`Q/m+iBQM- 1[X U9VX q2 b22F K�`F2i �HHQ+�iBQMb {x∗,f∗} i?�i U�V `2bT2+i ;Bp2M T`Q/m+iBQM
`2+BT2b x∗ = Lf∗ �M/ U#V b�iBb7v #�bB+ QmiTmi �M/ /2K�M/ +QMbi`�BMib x∗ ∈ [0,xK�t] �M/
f∗ ∈ [0,fK�t]X

q2 +QMbB/2` irQ +�b2b Q7 ǳQTiBK�HǴ K�`F2i �HHQ+�iBQMbX 6QHHQrBM; i?2 7Q+mb QM ;`Qbb
QmiTmi Q7 KQbi AP bim/B2b- �b � }`bi +�b2 r2 +QMbB/2` � K�`F2i �HHQ+�iBQM iQ #2 QTiBK�H
B7 Bi K�tBKBx2b ;`Qbb QmiTmiX G�`;2 H2p2Hb Q7 ;`Qbb QmiTmi BM/B+�i2 ?B;? 2+QMQKB+ �+iBpBiv-
r?B+? BM im`M 2Mi�BH ?B;? H2p2Hb Q7 T`BK�`v 7�+iQ`b bm+? �b H�#Q` +QKT2Mb�iBQMX �Hi2`M�iBp2Hv-
� TQHB+vK�F2` +QmH/ #2 BMi2`2bi2/ BM F22TBM; +QMbmKTiBQM H2p2Hb ?B;?X h?mb- �b � b2+QM/
+�b2 r2 HQQF �i QTiBK�H K�`F2i �HHQ+�iBQMb i?�i K�tBKBx2 }M�H +QMbmKTiBQM ;Bp2M +m``2Mi
T`Q/m+iBQM +�T�+BiB2bX q2 +�M `27Q`KmH�i2 i?2b2 �TT`Q�+?2b �b K�i?2K�iB+�H QTiBKBx�iBQM
T`Q#H2KbX .m2 iQ i?2 HBM2�`Biv Q7 i?2 G2QMiB27 7`�K2rQ`F- i?2 T`Q#H2Kb #QBH /QrM iQ HBM2�`
T`Q;`�KKBM; 2t2`+Bb2bX

J�tBKBxBM; ;`Qbb QmiTmi,

max
f∈[0,fK�t]

1!(I−A)−1f , UNV

bm#D2+i iQ (I−A)−1f ∈ [0,xK�t].

J�tBKBxBM; }M�H +QMbmKTiBQM,

max
x∈[0,xK�t]

1!(I−A)x, URyV

bm#D2+i iQ (I−A)x ∈ [0,fK�t].

hQ K�tBKBx2 ;`Qbb QmiTmi Q7 i?2 2+QMQKv-
∑

i x
∗
i - i?2 TQHB+vK�F2` /2i2`KBM2b � p2+iQ` Q7

}M�H +QMbmKTiBQM f∗X h?2 +QMbi`�BMi Lf ∈ [0,xK�t] 2Mbm`2b i?�i BM/mbi`v QmiTmi H2p2Hb HB2
rBi?BM i?2 `2bT2+iBp2 T`Q/m+iBQM +�T�+BiB2bX h?2 T`Q#H2K Bb bBKBH�` r?2M K�tBKBxBM; }M�H
+QMbmKTiBQM r?2`2 � p2+iQ` Q7 QmiTmi H2p2Hb x∗ Bb +?Qb2M iQ K�tBKBx2 }M�H +QMbmKTiBQM-∑

i f
∗
i X h?2 �mtBHB�`v +QMbi`�BMi 2M7Q`+2b i?�i }M�H +QMbmKTiBQM H2p2Hb /Q MQi 2t+22/ ;Bp2M

/2K�M/X h?2 QTiBKBx�iBQM T`Q#H2K �Hr�vb �/KBib � bQHmiBQM bBM+2 i?2 i`BpB�H �HHQ+�iBQM Q7 �
7mHH +QHH�Tb2 {x∗,f∗} = {0,0} �Hr�vb 2tBbib- �Hi?Qm;? r2 2tT2+i TQbBiBp2 p�Hm2b 7Q` `2�HBbiB+
BMTmi /�i�X

9Xk AMTmi #QiiH2M2+Fb �M/ `�iBQMBM; p�`B�iBQMb
�b Qm` b2+QM/ K2i?Q/ r2 BKTH2K2Mi /Bz2`2Mi `�iBQMBM; b+?2K2b 7Q` QmiTmi +QMbi`�BM2/
BM/mbi`B2bX AM +QMi`�bi iQ i?2 QTiBKBx�iBQM K2i?Q/b- i?Bb `2T`2b2Mib � #QiiQK@mT �TT`Q�+?
7Q` }M/BM; 72�bB#H2 K�`F2i �HHQ+�iBQMbX AM/mbi`B2b TH�+2 Q`/2`b iQ i?2B` bmTTHB2`b #�b2/ QM
BM+QKBM; /2K�M/X aBM+2 bmTTHB2`b +�M #2 QmiTmi +QMbi`�BM2/- i?2v KB;?i MQi #2 �#H2 iQ
b�iBb7v /2K�M/ 7mHHvX � bmTTHB2` i?2`27Q`2 M22/b iQ K�F2 � /2+BbBQM �#Qmi ?Qr Km+? Q7 2�+?
+mbiQK2`Ƕb /2K�M/ Bi b2`p2bX AMi2`K2/B�i2 +QMbmK2`b i`�Mb7Q`K BMTmib iQ QmiTmib #�b2/ QM
}t2/ T`Q/m+iBQM `2+BT2bX h?mb- B7 � +mbiQK2` `2+2Bp2b H2bb BMTmib i?�M b?2 �bF2/ 7Q`- b?2 7�+2b
�M BMTmi #QiiH2M2+F 7m`i?2` +QMbi`�BMBM; ?2` T`Q/m+iBQMX �b � +QMb2[m2M+2- i?2 +mbiQK2`
`2/m+2b ?2` /2K�M/ 7Q` Qi?2` BMTmib �b i?2v �`2 MQi 7m`i?2` M22/2/ mM/2` HBKBi2/ T`Q/m+iBp2
+�T�+BiB2bX q2 Bi2`�i2 i?Bb T`Q+2/m`2 7Q`r�`/ mMiBH i?2 �H;Q`Bi?K +QMp2`;2bX

q2 `mM i?Bb �H;Q`Bi?K rBi? 7Qm` �Hi2`M�iBp2 `�iBQMBM; `mH2b, U�V bi`B+i T`QTQ`iBQM�H `�@
iBQMBM;- U#V T`QTQ`iBQM�H `�iBQMBM; iQ BMi2`K2/B�i2 /2K�M/ #mi T`BQ`Biv Q7 BMi2`K2/B�i2 Qp2`
}M�H /2K�M/- U+V T`BQ`Biv `�iBQMBM; b2`pBM; H�`;2bi +mbiQK2`b }`bi �M/ U/V `�M/QK `�iBQMBM;-
r?2`2 +mbiQK2`b �`2 b2`p2/ #�b2/ QM � `�M/QK Q`/2`X q2 i?2M +QKT�`2 i?2 `2bmHib Q#i�BM2/
7`QK i?2 7Qm` +QKT2iBM; #2?�pBQ`�H `mH2bX

3



h?2b2 `�iBQMBM; �TT`Q�+?2b �`2 7`2[m2MiHv �TTHB2/ BM i?2 HBi2`�im`2- �Hi?Qm;? i?2`2 Bb
/Bz2`2M+2b BM i?2 2t�+i bT2+B}+�iBQMbX AM ;2M2`�H Bi Bb ?�`/ iQ +�HB#`�i2 iQ 2KTB`B+�H /�i�
?Qr }`Kb /Bbi`B#mi2 QmiTmi BM +�b2 Q7 bmTTHv +QMbi`�BMib �M/ bQ i?2 `�iBQMBM; +?QB+2 Bb Q7i2M
�/@?Q+X >2`2- r2 �TTHv �HH 7Qm` `mH2b rBi?BM � +QMbBbi2Mi /vM�KB+ 7`�K2rQ`F iQ #2ii2` mM/2`@
bi�M/ ?Qr �Hi2`M�iBp2 #2?�pBQ`�H �bbmKTiBQMb �z2+i BKT�+i 2biBK�i2bX ai`B+i T`QTQ`iBQM�H
`�iBQMBM; Bb 7`2[m2MiHv �bbmK2/ BM i?2 HBi2`�im`2 U>2M`B2i 2i �HX kyRk- >�HH2;�ii2 kyR9- :m�M
2i �HX kyky- J�M/2H � o22iBH kyky- SB+?H2` 2i �HX kykyV �M/ �HbQ KBt2/ T`QTQ`iBQM�HfT`BQ`Biv
`�iBQMBM; ?�b #22M +QMbB/2`2/ U"�iiBbiQM 2i �HX kyyd- >�HH2;�ii2 kyy3- GB 2i �HX kyRjVX h?2
�;2Mi@#�b2/ 7`�K2rQ`F Q7 AMQm2 � hQ/Q UkyRNV �M/ AMQm2 � hQ/Q UkykyV �bbmK2b � p�`B@
�iBQM Q7 T`BQ`Biv `�iBQMBM; r?BH2 i?2 `�M/QK K�i+?BM; Q7 bmTTHB2`b �M/ +mbiQK2`b BM i?2
�;2Mi@#�b2/ KQ/2H T`QTQb2/ #v SQH2/M� 2i �HX UkyR3V �M/ SQH2/M� 2i �HX UkyRNV KQbi +HQb2Hv
`2b2K#H2b � `�M/QK `�iBQMBM; �TT`Q�+?X

U�V ai`B+i T`QTQ`iBQM�H `�iBQMBM;X A7 }`Kb �`2 mM�#H2 iQ b�iBb7v iQi�H BM+QKBM; /2@
K�M/ +QKTH2i2Hv i?2v /Bbi`B#mi2 QmiTmi T`QTQ`iBQM�H iQ i?2B` +mbiQK2`bǶ /2K�M/- r?2`2
MQ /BbiBM+iBQM Bb K�/2 #2ir22M BMi2`K2/B�i2 �M/ }M�H +mbiQK2`bX JQ`2 bT2+B}+�HHv- B7 �
}`KǶb QmiTmi- xi- Bb bK�HH2` i?�M BM+QKBM; /2K�M/- di- Bi rBHH bmTTHv Zij = Oij

xi
di

iQ +mb@
iQK2` j- r?2`2 Oij /2MQi2b i?2 /2K�M/ 7`QK +mbiQK2` j iQ }`K iX q2 BKTH2K2Mi i?2
`�iBQMBM; �H;Q`Bi?K BM i?2 7QHHQrBM; r�v, 6B`bi- }`Kb /2i2`KBM2 i?2B` iQi�H /2K�M/ �b B7
i?2`2 r�b MQ bmTTHv@bB/2 +QMbi`�BMib- BX2X d = LfK�tX 6B`Kb i?2M 2p�Hm�i2 B7 i?2v �`2
�#H2 iQ b�iBb7v /2K�M/ ;Bp2M i?2B` +QMbi`�BM2/ T`Q/m+iBQM +�T�+BiB2bX A7 � }`K i +�M b�i@
Bb7v /2K�M/ QMHv T�`iB�HHv- Bi rBHH +`2�i2 � #QiiH2M2+F Q7 bBx2 ri =

xK�t
i
di

iQ Qi?2` BM/mb@
i`B2b /m2 iQ T`QTQ`iBQM�H `�iBQMBM;X aBM+2 }`Kb T`Q/m+2 �++Q`/BM; iQ }t2/ G2QMiB27 BMTmi
`2+BT2b- i?2B` H�`;2bi BMTmi #QiiH2M2+F- si = min

j:Aji>0
{rj , 1} rBHH #2 i?2 #BM/BM; +QMbi`�BMi BM

T`Q/m+iBQMX h?mb- BM +�b2 Q7 BMTmi #QiiH2M2+Fb r?2`2 si < 1- T`Q/m+iBQM Q7 i `2/m+2b iQ
xi = min

j:Aji>0

{
xK�t
i , siAjidi

Aji

}
= min{xK�t

i , sidi} < diX h?Bb BM im`M `2/m+2b i?2 �KQmMi Q7
;QQ/b /2HBp2`2/ iQ i?2 }M�H +QMbmK2` fi = min{xi −

∑
j Aijxj , 0}X h?2 M2r }M�H /2K�M/

p2+iQ` f MQr BKTHB2b � M2r- HQr2` H2p2H Q7 �;;`2;�i2 /2K�M/- d = Lf - �M/ r2 �;�BM H2i
}`Kb 2p�Hm�i2 r?2i?2` i?2v +�M b�iBb7v iQi�H /2K�M/ rBi?BM ;Bp2M T`Q/m+iBQM +QMbi`�BMibX
q2 Bi2`�i2 i?Bb T`Q+2/m`2 7Q`r�`/ mMiBH �HH /2K�M/ Bb K2i �M/ MQ BMTmi #QiiH2M2+F 7m`i?2`
+QMbi`�BMb T`Q/m+iBQMX q2 +�M r`Bi2 i?2 T`QTQ`iBQM�H `�iBQMBM; �H;Q`Bi?K KQ`2 +QKT�+iHv
�b 7QHHQrb,

�H;Q`Bi?K R S`QTQ`iBQM�H `�iBQMBM;c }`Kb �`2 MQi T`BQ`BiBx2/ Qp2` i?2 }M�H +QMbmK2`X h�F2
�M BMBiB�H /2K�M/ p2+iQ` f [0] = fK�t �b ;Bp2M- BKTHvBM; �M BMBiB�H �;;`2;�i2/ /2K�M/ p2+iQ`
d[1] = Lf [0]X "v HQQTBM; Qp2` i?2 BM/2t t = {1, 2, ...}- i?2 7QHHQrBM; bvbi2K Bb Bi2`�i2/
7Q`r�`/,

ri[t] =
xK�t
i

di[t]
, URRV

si[t] = min
j:Aji>0

{rj [t], 1}, URkV

xi[t] = min{xK�t
i , si[t]di[t]}, URjV

fi[t] = max




xi[t]−
∑

j

Aijxj [t], 0




 , UR9V

di[t+ 1] =
∑

j

Lijfj [t]. UR8V

N



h?2 �H;Q`Bi?K +QMp2`;2b iQ � M2r 72�bB#H2 2+QMQKB+ �HHQ+�iBQM B7 di[t + 1] = di[t] 7Q` �HH iX
AM i?Bb +�b2 QmiTmi �M/ }M�H +QMbmKTiBQM H2p2Hb �`2 ;Bp2M �b xi = di[t + 1] = xi[t + 1] �M/
fi = fi[t+ 1]- `2bT2+iBp2HvX

1[X URRV BM/B+�i2b r?2i?2` � }`K Bb QmiTmi +QMbi`�BM2/ r?2`2 ri Bb i?2 b?�`2 Q7 /2K�M/
i?�i +�M #2 K2i ;Bp2M 2tBbiBM; T`Q/m+iBp2 +�T�+BiB2bX A7 ri ≥ 1- }`K i Bb �#H2 iQ K22i /2K�M/
+QKTH2i2Hv- r?2`2�b /2K�M/ +�M QMHv #2 T�`iB�HHv b�iBb}2/ B7 ri < 1X A7 �Mv bmTTHB2` Q7 }`K
i Ur?B+? Bb i?2 b2i {j : Aji > 0}V Bb bm{+B2MiHv QmiTmi +QMbi`�BM2/- }`K i 7�+2b �M BMTmi
#QiiH2M2+F �++Q`/BM; iQ 1[X URkVX .m2 iQ T2`72+i +QKTH2K2Mi�`Biv Q7 BMTmib T`2b+`B#2/ #v
i?2 G2QMiB27 T`Q/m+iBQM 7mM+iBQM- BM/mbi`v i +�M QMHv T`Q/m+2 � 7`�+iBQM Q7 iQi�H /2K�M/ �b
BM/B+�i2/ BM 1[X URjV- `2/m+BM; Bib /2HBp2`v iQ }M�H +QMbmK2`b �b bT2+B}2/ BM 1[X UR9VX h?2
M2r iQi�H /2K�M/ iQ �M BM/mbi`v i Bb i?2M �;�BM /2`Bp2/ i?`Qm;? i?2 r2B;?i2/ bmK Q7 }M�H
/2K�M/ p�Hm2b r?2`2 i?2 r2B;?ib �`2 Q#i�BM2/ 7`QK i?2 G2QMiB27 BMp2`b2- 1[X UR8VX

U#V JBt2/ T`QTQ`iBQM�HfT`BQ`Biv `�iBQMBM;X Ai ?�b #22M �`;m2/ i?�i }`K@}`K `2H�@
iBQMb?BTb �`2 bi`QM;2` i?�M }`K@?Qmb2?QH/ iB2b- bQ i?�i BMi2`K2/B�i2 /2K�M/ b?QmH/ #2
T`BQ`BiBx2/ Qp2` }M�H /2K�M/ U>�HH2;�ii2 kyy3- AMQm2 � hQ/Q kyRNVX q?BH2 i?Bb �bbmKTiBQM
KB;?i K�F2 b2Mb2 7Q` ?Qmb2?QH/b- i?Bb Bb MQi M2+2bb�`BHv i?2 +�b2 7Q` Qi?2` }M�H /2K�M/
+�i2;Q`B2bX 6BM�H /2K�M/ +�i2;Q`B2b BM M�iBQM�H AP i�#H2b +�M BM+Hm/2 /2K�M/ #v ;Qp2`M@
K2Mib �M/ MQM@T`Q}i Q`;�MBx�iBQMb- 2tTQ`ib �M/ BMp2biK2Mib �M/ Bi Bb /2#�i�#H2 r?2i?2`
BMi2`K2/B�i2 /2K�M/ b?QmH/ #2 T`BQ`BiBx2/ Qp2` i?2b2 +�i2;Q`B2bX

hQ [m�MiB7v i?2 2z2+i Q7 i?Bb �bbmKTiBQM QM i?2 �KTHB}+�iBQM Q7 BMBiB�H b?Q+Fb- r2 BK@
TH2K2Mi � KBt2/ T`QTQ`iBQM�HfT`BQ`Biv `�iBQMBM; �H;Q`Bi?KX >2`2- }`Kb `�iBQM BMi2`K2/B�i2
/2K�M/ T`QTQ`iBQM�H �M�HQ;QmbHv iQ i?2 T`QTQ`iBQM�H `�iBQMBM; �H;Q`Bi?K U�V- #mi T`BQ`BiBx2
BMi2`K2/B�i2 /2K�M/ Qp2` }M�H /2K�M/X q2 QmiHBM2 i?Bb �H;Q`Bi?K #2HQrX

�H;Q`Bi?K k S`QTQ`iBQM�H `�iBQMBM; �KQM; BM/mbi`B2bc BM/mbi`B2b �`2 T`BQ`BiBx2/ Qp2` }M�H
+QMbmK2`bX h�F2 �M BMBiB�H /2K�M/ p2+iQ` f [0] = fK�t �b ;Bp2M- BKTHvBM; �M BMBiB�H �;;`2@
;�i2/ /2K�M/ p2+iQ` d[1] = Lf [0]X "v HQQTBM; Qp2` i?2 BM/2t t = {1, 2, ...}- i?2 7QHHQrBM;
bvbi2K Bb Bi2`�i2/ 7Q`r�`/,

ri[t] =
xK�t
i∑

j Aijdj [t]
, UReV

si[t] = min
j:Aji>0

{rj [t], 1}, URdV

xi[t] = min{xK�t
i , si[t]di[t]}, UR3V

fi[t] = max




xi[t]−
∑

j

Aijxj [t], 0




 , URNV

di[t+ 1] =
∑

j

Lijfj [t]. UkyV

h?2 �H;Q`Bi?K +QMp2`;2b iQ � M2r 72�bB#H2 2+QMQKB+ �HHQ+�iBQM B7 di[t + 1] = di[t] 7Q` �HH iX
AM i?Bb +�b2 QmiTmi �M/ }M�H +QMbmKTiBQM H2p2Hb �`2 ;Bp2M �b xi = di[t + 1] = xi[t + 1] �M/
fi = fi[t+ 1]- `2bT2+iBp2HvX

h?2 �H;Q`Bi?K Bb bBKBH�` iQ i?2 T`QTQ`iBQM�H `�iBQMBM; �H;Q`Bi?K U�V #mi /Bz2`b K�BMHv BM
QM2 �bT2+iX PMHv BMi2`K2/B�i2 /2K�M/ �z2+ib i?2 2ti2Mi Q7 �M BM/mbi`vǶb QmiTmi +QMbi`�BMib-
1[X UReVX �b � +QMb2[m2M+2- }M�H /2K�M/ /Q2b MQi TH�v � `QH2 BM i?2 +`2�iBQM Q7 BMTmi
#QiiH2M2+Fb- 1[X URdVX
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U+V S`BQ`Biv `�iBQMBM; UǳH�`;2bi }`biǴVX aBM+2 Bi Bb MQi Q#pBQmb i?�i }`Kb b?QmH/ T�bb QM
i?2B` QmiTmi T`QTQ`iBQM�HHv BM +�b2 i?2v �`2 MQi �#H2 iQ K22i /2K�M/ 7mHHv- r2 M2ti +QMbB/2`
� ivT2 Q7 T`BQ`Biv `�iBQMBM;X 6B`Kb `�MF i?2B` +mbiQK2`b #�b2/ QM /2K�M/ K�;MBim/2 �M/
b2`p2 H�`;2` +mbiQK2`b #27Q`2 bK�HH2` +mbiQK2`bX AM i?2 T`QTQ`iBQM�H `�iBQMBM; b2iiBM; �M
QmiTmi +QMbi`�BM2/ bmTTHB2` �z2+ib �HH +mbiQK2`b BM i?2 b�K2 r�vX lM/2` � T`BQ`Biv `�iBQMBM;
b+?2K2- ?Qr2p2`- bmTTHv b?Q+Fb T`QT�;�i2 /QrMbi`2�K ?2i2`Q;2M2QmbHvX 6Q` 2t�KTH2- B7 �
bmTTHB2` +�MMQi K22i /2K�M/ #v QMHv � bK�HH K�`;BM- KQbi +mbiQK2`b rBHH MQi #2 �z2+i2/
#v i?2 T`BQ`Biv `�iBQMBM; b+?2K2X PMHv i?2 bK�HH2bi +mbiQK2`b rBHH 7�+2 BMTmi #QiiH2M2+Fb-
r?2`2�b 2p2`v +mbiQK2` rQmH/ 2tT2`B2M+2 i?2 b�K2 bK�HH b?Q+F BM i?2 T`QTQ`iBQM�H `�iBQMBM;
b2imTX

AMimBiBp2Hv- � T`BQ`Biv `�iBQMBM; `mH2 +QmH/ K�F2 b2Mb2- �b }`Kb KB;?i ?�p2 �M BMi2`2bi
BM b2`pBM; KQ`2 BKTQ`i�Mi UH�`;2V +mbiQK2`b 7mHHv- Q` �i H2�bi �b r2HH �b TQbbB#H2- #27Q`2
7Q+mbBM; QM H2bb BKTQ`i�Mi +mbiQK2`bX Ai �HbQ b22Kb +HQb2` iQ T`�+iB+2 i?�i }`Kb T`Q+2bb
Q`/2`b QM2@#v@QM2 BMbi2�/ Q7 rQ`FBM; i?`Qm;? �HH Q`/2`b bBKmHi�M2QmbHv �M/ H2�pBM; i?2K
BM+QKTH2i2 iQ i?2 b�K2 /2;`22X q?BH2 � T`BQ`Biv `�iBQMBM; b+?2K2 +QmH/ #2 TH�mbB#H2 QM i?2
#�bBb Q7 }`Kb Q` bBM;H2 i`�Mb�+iBQMb- Bi KB;?i #2 H2bb bQ 7Q` KQ`2 �;;`2;�i2 BM/mbi`v H2p2H
/�i�X � HBMF #2ir22M irQ BM/mbi`B2b BM AP i�#H2b +Q``2bTQM/b iQ K�Mv }`K H2p2H i`�Mb�+iBQMb
�M/ bQ Bi Bb MQi +H2�` B7 H�`;2 BMi2`@BM/mbi`v HBMFb �`2 /m2 iQ � 72r #B; Q`/2`b Q` K�Mv
bK�HH Q`/2`bX h?Bb #2+QK2b T�`iB+mH�`Hv 2pB/2Mi r?2M +QMbB/2`BM; }M�H +QMbmK2`bX a2p2`�H
BM/mbi`B2b 7�+2 H�`;2 /2K�M/ 7`QK T`Bp�i2 +QMbmK2`b r?B+? 2z2+iBp2Hv Bb i?2 bmK Q7 K�Mv
bK�HH Q`/2`b U2X;X `2bi�m`�Mib- ;`Q+2`v- i?2�i2`bVX aBM+2 r2 QMHv +QMbB/2` �M �;;`2;�i2 Q7
}M�H /2K�M/ `2T`2b2MiBM; b2p2`�H /BbiBM+i +�i2;Q`B2b bm+? �b T`Bp�i2 +QMbmK2`b- ;Qp2`MK2Mi
�M/ BMp2biK2Mib- r2 2t+Hm/2 }M�H /2K�M/ 7`QK i?2 T`BQ`Biv `�iBQMBM; b+?2K2X h?mb- BM
i?2 b�K2 K�MM2` �b BM i?2 KBt2/ T`QTXfT`BQ`X `�iBQMBM; �H;Q`Bi?K U#V- r2 �bbmK2 i?�i
BMi2`K2/B�i2 /2K�M/ Bb �Hr�vb T`BQ`BiBx2/ Qp2` }M�H /2K�M/X "v �/QTiBM; i?Bb +QMp2MiBQM-
r2 +�M 7Q`KmH�i2 i?2 T`BQ`Biv `�iBQMBM; �H;Q`Bi?K �b 7QHHQrbX

�H;Q`Bi?K j G�`;2bi }`bi `�iBQMBM;c }`Kb �`2 T`BQ`BiBx2/ Qp2` i?2 }M�H +QMbmK2`X h�F2
�M BMBiB�H /2K�M/ p2+iQ` f [0] = fK�t �b ;Bp2M- BKTHvBM; �M BMBiB�H �;;`2;�i2 /2K�M/ p2+iQ`
d[1] = Lf [0]X 1p2`v }`K i `�MFb 2�+? +mbiQK2`b j #�b2/ QM BMBiB�H /2K�M/ bBx2, hij =
{k(1), k(2), ..., k(j) : Aik(1)dk(1) [1] ≥ Aik(2)dk(2) [1] ≥ ... ≥ Aik(j)dk(j) [1]}X "v HQQTBM; Qp2` i?2
BM/2t t = {1, 2, ...}- i?2 7QHHQrBM; bvbi2K Bb Bi2`�i2/ 7Q`r�`/,

rij [t] =
xK�t
i∑

n∈hij
Ain(j)

dn(j)
[t]

, UkRV

si[t] = min
j:Aji>0

{rji[t], 1}, UkkV

xi[t] = min{xK�t
i , si[t]di[t]}, UkjV

fi[t] = max




xi[t]−
∑

j

Aijxj [t], 0




 , Uk9V

di[t+ 1] =
∑

j

Lijfj [t]. Uk8V

h?2 �H;Q`Bi?K +QMp2`;2b iQ � M2r 72�bB#H2 2+QMQKB+ �HHQ+�iBQM B7 di[t + 1] = di[t] 7Q` �HH iX
AM i?Bb +�b2 QmiTmi �M/ }M�H +QMbmKTiBQM H2p2Hb �`2 ;Bp2M �b xi = di[t + 1] = xi[t + 1] �M/
fi = fi[t+ 1]- `2bT2+iBp2HvX

U/V _�M/QK `�iBQMBM;X �b Qm` }M�H +�b2 r2 �;�BM +QMbB/2` T`BQ`Biv `�iBQMBM;- #mi
BMbi2�/ Q7 ?�pBM; � }t2/ Q`/2`BM; b+?2K2 #�b2/ QM /2K�M/ K�;MBim/2- r2 mb2 `�M/QK

RR



T`BQ`BivX 6B`Kb `�MF i?2B` +mbiQK2`b `�M/QKHv �M/ b2`p2 +mbiQK2`b #�b2/ QM i?2B` TQbBiBQM
BM i?2 `�MFBM;X q?BH2 H�`;2bi@}`bi `�iBQMBM; K�F2b BMimBiBp2 b2Mb2 BM bQK2 +�b2b- Bi Bb mMHBF2Hv
iQ #2 � ;QQ/ �TT`QtBK�iBQM 7Q` �HH `2�H@rQ`H/ b2iiBM;bX AM T`�+iB+2- Bi Bb HBF2Hv i?�i Qi?2`
7�+iQ`b bm+? �b iBKBM; Q7 Q`/2`b K�ii2`X AM i?�i +�b2 }`Kb +QmH/ �/QTi � }`bi@+QK2@}`bi@
b2`p2 T`BM+BTH2 iQ T`Q+2bb Q`/2`bX aBM+2 BMTmi@QmiTmi /�i� `�`2Hv +QK2b rBi? ;`�MmH�` iBK2
BM7Q`K�iBQM- r2 �/QTi � `�M/QK Q`/2`BM; Q7 BM+QKBM; Q`/2`b r?B+? KBKB+b � }`bi@+QK2@}`bi@
b2`p2 T`BM+BTH2 mM/2` � mMB7Q`K T`BQ` Q7 r?B+? Q`/2`b �`2 +QKBM; BM }`biX h?2 �H;Q`Bi?K Bb
T`2b2Mi2/ #2HQrX

�H;Q`Bi?K 9 _�M/QK `�iBQMBM;c }`Kb �`2 T`BQ`BiBx2/ Qp2` i?2 }M�H +QMbmK2`X h?2 �H;Q@
`Bi?K Bb B/2MiB+�H iQ �H;Q`Bi?K j- 2t+2Ti i?�i i?2 `�MFBM; Q7 +mbiQK2` j #v }`K i- hij =
{k(1), k(2), ..., k(j)}- Bb `�M/QKHv /`�rMX

q?BH2 i?2b2 �H;Q`Bi?Kb �`2 MQi ;m�`�Mi22/ iQ +QMp2`;2 iQ � bi2�/v bi�i2 2[mBHB#`BmK- r2
Q#b2`p2 +QMp2`;2M+2 BM i?2 p�bi K�DQ`Biv Q7 Qm` bBKmH�iBQM 2tT2`BK2MibX A7 i?2 �H;Q`Bi?K
+QMp2`;2b- i?2 2+QMQKB+ �HHQ+�iBQMb Q#i�BM2/ �`2 �miQK�iB+�HHv 72�bB#H2X h?Bb K2�Mb i?�i
MQ }`K ?�b M2;�iBp2 QmiTmi Q` T`Q/m+2b KQ`2 i?�M Bib T`Q/m+iBp2 +�T�+BiB2b �HHQr- }M�H
+QMbmKTiBQM Bb MQM@M2;�iBp2 �M/ #2HQr ;Bp2M 2tQ;2MQmb K�tBKmK +QMbmKTiBQM H2p2Hb- �M/
i?2`2 �`2 MQ BMTmi #QiiH2M2+Fb H27i i?�i 7m`i?2` +QMbi`�BM T`Q/m+iBQM Q7 /QrMbi`2�K }`KbX
h?2 G2QMiB27 2[m�iBQM x = Lf ?QH/b- r?B+? BKTHB2b i?�i �HH b�H2b �// mT iQ iQi�H QmiTmiX

9Xj _2bmHib
q2 BMBiB�HBx2 i?2b2 7Qm` `�iBQMBM; �H;Q`Bi?Kb rBi? i?2 bmTTHv �M/ /2K�M/ b?Q+F �M/ AP
/�i� Q7 :2`K�Mv- Ai�Hv �M/ aT�BMX q2 i?2M +QKT�`2 i?2 2+QMQKB+ BKT�+ib T`2/B+i2/ #v i?2
QTiBKBx�iBQM K2i?Q/b- �b r2HH �b i?2 bi2�/v bi�i2 2[mBHB#`BmK p�Hm2b 7`QK i?2 7Qm` `�iBQMBM;
�H;Q`Bi?KbX 6B;X k bmKK�`Bx2b i?2 K�BM `2bmHi pBbm�HHvX �b �H`2�/v `2TQ`i2/ BM h�#H2 R-
7Q` �HH i?`22 +QmMi`B2b bmTTHv b?Q+Fb �`2 bm#bi�MiB�HHv H�`;2` i?�M }M�H +QMbmKTiBQM b?Q+Fb-
Tmb?BM; i?2 .B`2+i b?Q+F i`B�M;H2b bm#bi�MiB�HHv #2HQr i?2 98 /2;`22 HBM2X h?2 /B`2+i b?Q+F
K�`F2i �HHQ+�iBQMb �`2 MQi 72�bB#H2- #mi �HH i?2 Qi?2`b �`2 72�bB#H2X �HH i?2 72�bB#H2 K�`F2i
�HHQ+�iBQMb HB2 +HQb2 iQ i?2 B/2MiBiv HBM2- BM/B+�iBM; i?�i i?2 2+QMQKB+ BKT�+i Bb bBKBH�` 7Q`
#Qi? ;`Qbb QmiTmi �M/ }M�H +QMbmKTiBQMX
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6B;m`2 k, *QKT�`BbQM Q7 /Bz2`2Mi b?Q+F T`QT�;�iBQM K2+?�MBbKbX h?2 v@�tBb /2MQi2b �;;`2;�i2
;`Qbb QmiTmi H2p2Hb MQ`K�HBx2/ #v T`2@b?Q+F H2p2Hb �b T`2/B+i2/ #v i?2 `�iBQMBM; �M/ QTiBKBx�iBQM K2i?Q/bX
h?2 t@�tBb b?Qrb i?2 b�K2 7Q` �;;`2;�i2 }M�H +QMbmKTiBQM H2p2HbX h?2 _�M/QK `�iBQMBM; i`B�M;H2 `2T`2b2Mib
i?2 �p2`�;2 i�F2M 7`QK Ryy b�KTH2b �M/ i?2 2``Q` #�`b BM/B+�i2 i?2 BMi2`[m�`iBH2 `�M;2X

h?2 KQbi bi`BFBM; �bT2+i Q7 6B;X k Bb i?2 rB/2 `�M;2 BM T`2/B+i2/ 2+QMQKB+ QmiTmiX �b
2tT2+i2/- i?2 irQ QTiBKBx�iBQM K2i?Q/b ?�p2 i?2 ?B;?2bi QmiTmi- #mi i?2v biBHH �KTHB7v i?2

Rk



BMBiB�H bmTTHv b?Q+Fb iQ `2/m+2 i?2 QmiTmi 7`QK �#Qmi 69% iQ 63% BM :2`K�Mv �M/ 7`QK
67% iQ 53% BM aT�BMX �i i?2 Qi?2` 2ti`2K2- #Qi? i?2 `�M/QK `�iBQMBM; b+?2K2 �M/ i?2
T`BQ`Biv `�iBQMBM; b+?2K2 2bb2MiB�HHv +QHH�Tb2 i?2 2MiB`2 2+QMQKvX S`QTQ`iBQM�H `�iBQMBM;
bm#bi�MiB�HHv +QHH�Tb2b i?2 2+QMQKv UrBi? �M QmiTmi #2HQr 20% Q7 MQ`K�H 7Q` �HH +QmMi`B2bV
�M/ i?2 KBt2/ b+?2K2 `2/m+2b QmiTmi 7Q` :2`K�Mv �M/ aT�BM #v KQ`2 i?�M dyW �M/ �#Qmi
60% 7Q` Ai�HvX

AMi2`2biBM;Hv- i?2 irQ K�tBKBx�iBQM K2i?Q/b UK�tBKBx2 QmiTmi pbX +QMbmKTiBQMV vB2H/
2t�+iHv i?2 b�K2 `2bmHib #Qi? 7Q` �;;`2;�i2 T`2/B+iBQMb �M/ QM i?2 BM/mbi`v H2p2HX h?Bb Bb
i`m2 2p2M i?Qm;? i?2 irQ QTiBKBx�iBQM K2i?Q/b �`2 MQi 2[mBp�H2Mi9X

6B;X k K�F2b Bi +H2�` i?�i i?2 #2?�pBQ`�H �bbmKTiBQMb BKTQb2/ QM bmTTHB2`b K�ii2`
2MQ`KQmbHv 7Q` 2+QMQKB+ BKT�+i T`2/B+iBQMbX AM i?2 �#b2M+2 Q7 7m`i?2` KQ/2HBM; `2}M2K2Mib
Ubm+? �b BMp2MiQ`B2b- �/�TiBp2 #2?�pBQ`- bm#biBimiBQM 2z2+ibV- b?Q+F �KTHB}+�iBQM Bb �Hr�vb
T`QMQmM+2/ B7 #�bB+ M�iBQM�H �++QmMiBM; B/2MiBiB2b �`2 `2[mB`2/ iQ ?QH/X "mi i?2 �+im�H 2ti2Mi
Q7 b?Q+F �KTHB}+�iBQM /2T2M/b bi`QM;Hv QM ?Qr BMTmi #QiiH2M2+Fb �`2 +`2�i2/ �M/ T�bb2/ QM
/QrMbi`2�K BM i?2 bmTTHv +?�BMX

9XjXR a?Q+F K�;MBim/2 2z2+ib

q2 M2ti BMp2biB;�i2 ?Qr b2MbBiBp2 2+QMQKB+ BKT�+i T`2/B+iBQMb �`2 rBi? `2bT2+i iQ b?Q+F
K�;MBim/2 �M/ M2irQ`F +QMM2+i2/M2bbX q?BH2 r2 ?�p2 b22M BM a2+iBQM 9Xj i?�i /Bz2`2Mi
�bbmKTiBQMb QM `�iBQMBM; #2?�pBQ` +�M H2�/ iQ 2MiB`2Hv /Bz2`2Mi 2biBK�i2b Q7 BKT�+i- Bi Bb
MQi +H2�` r?2i?2` i?2b2 `2bmHib �`2 bT2+B}+ iQ i?2 i?`22 /�i�b2ib +QMbB/2`2/X q2 i?2`27Q`2
+QM/m+i � b2`B2b Q7 bBKmH�iBQM 2tT2`BK2Mib iQ ;�BM � #2ii2` mM/2`bi�M/BM; Q7 i?2 ;2M2`�HBiv
Q7 i?2 `2bmHibX

6B`bi- r2 BMp2biB;�i2 ?Qr i?2 2biBK�i2b Q7 i?2 p�`BQmb K2i?Q/b /2T2M/ QM i?2 K�;MBim/2
Q7 b?Q+FbX hQ /Q i?Bb- r2 `2b+�H2 bmTTHv �M/ /2K�M/ b?Q+Fb �M/ r2 �TTHv i?2 QTiBKBx�iBQM
K2i?Q/b �M/ i?2 `�iBQMBM; �H;Q`Bi?Kb iQ i?2 M2r b?Q+F /�i�X q2 i?2M `2/Q i?Bb �M�HvbBb
7Q` p�`BQmb b?Q+F b+�H2bX hQ #2ii2` /Bz2`2MiB�i2 #2ir22M i?2 [m�HBi�iBp2 2z2+ib Q7 /2K�M/
�M/ bmTTHv b?Q+F T`QT�;�iBQM- r2 �HHQr 7Q` /Bz2`2Mi b+�HBM; 7�+iQ`b 7Q` /2K�M/ �M/ bmTTHv
+QMbi`�BMib- BX2X

xK�t
i = (1− αSεSi )xi,0, UkeV

fK�t
i = (1− αDεDi )fi,0, UkdV

r?2`2 αS ,αD ∈ [0, 1]X
6B;X jU�V b?Qrb �;;`2;�i2 QmiTmi H2p2Hb 7Q` �HH +�b2b r?2M QMHv /2K�M/ b?Q+Fb �`2 b+�H2/

#2ir22M x2`Q �M/ QM2 �M/ r?2M i?2`2 �`2 MQ 7m`i?2` bmTTHv +QMbi`�BMib #2BM; T`2b2Mi UαS =
0,αD ∈ [0, 1]V8X Ai #2+QK2b 2pB/2Mi i?�i T`2/B+iBQMb K�/2 #v i?2 `�iBQMBM; �H;Q`Bi?Kb �M/
i?2 QTiBKBx�iBQM K2i?Q/b �`2 B/2MiB+�H �M/ b+�H2 HBM2�`Hv rBi? i?2 /2K�M/ b?Q+F K�;MBim/2X
h?mb- i?2 `�iBQMBM; �H;Q`Bi?Kb /Q MQi /Bz2` rBi? `2bT2+i iQ mTbi`2�K b?Q+F T`QT�;�iBQM �M/
�Hr�vb �``Bp2 �i i?2 QTiBK�H bQHmiBQM BM �#b2M+2 Q7 7m`i?2` bmTTHv bB/2 +QMbi`B+iBQMbX

9q?2M T2`im`#BM; i?2 2+QMQKB+ bvbi2Kb r2 +�M }M/ +�b2b r?2`2 i?2 irQ QTiBKBx�iBQM /Q MQi vB2H/ 2t�+iHv
i?2 b�K2 `2bmHibX S`�+iB+�HHv- r2 }M/ i?�i �;;`2;�i2 T`2/B+iBQMb �`2 �Hr�vb bBKBH�` 7Q` i?2 irQ K2i?Q/b
�Hi?Qm;? BM/mbi`v H2p2H `2bmHib +�M bQK2iBK2b /Bz2` bB;MB}+�MiHvX

8aBM+2 `2bmHib 7Q` �;;`2;�i2 }M�H +QMbmKTiBQM �M/ �;;`2;�i2 ;`Qbb QmiTmi �`2 p2`v bBKBH�`- r2 QMHv T`2b2Mi
};m`2b Q7 i?2 H�ii2` BM i?Bb b2+iBQMX q2 b?Qr `2bmHib 7Q` b+�HBM; bmTTHv �M/ /2K�M/ b?Q+Fb +QM+m``2MiHv
UαS = αD ∈ [0, 1]V BM �TT2M/Bt *X
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Direct shock All methods

(b) Shock only supply
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Direct shock Maximization Proportional Mixed Priority Random

6B;m`2 j, 1+QMQKB+ BKT�+i �b � 7mM+iBQM Q7 b?Q+F K�;MBim/2X U�V �;;`2;�i2 ;`Qbb QmiTmi H2p2Hb �b
� 7mM+iBQM Q7 b+�HBM; QMHv /2K�M/ b?Q+Fb #2ir22M x2`Q �M/ QM2 UαS = 0,αD ∈ [0, 1]VX �HH K2i?Q/b vB2H/ i?2
b�K2 2+QMQKB+ BKT�+i 2biBK�i2b r?B+? b+�H2 HBM2�`Hv rBi? αS X h?2 #H�+F ?Q`BxQMi�H HBM2 BM/B+�i2b i?�i i?2`2
Bb MQ �/p2`b2 2+QMQKB+ BKT�+i 7`QK bmTTHv bB/2 +QMbi`�BMibX U#V �;;`2;�i2 ;`Qbb QmiTmi H2p2Hb �b � 7mM+iBQM Q7
b+�HBM; QMHv bmTTHv b?Q+Fb #2ir22M x2`Q �M/ QM2 UαD = 0,αS ∈ [0, 1]VX h?2 _�M/QK `�iBQMBM; HBM2 `2T`2b2Mib
i?2 �p2`�;2 i�F2M 7`QK Ryy b�KTH2b �M/ i?2 b?�/2b BM/B+�i2 i?2 BMi2`[m�`iBH2 `�M;2X q2 /Q MQi /BbiBM;mBb?
7m`i?2` #2ir22M i?2 irQ K�tBKBx�iBQM K2i?Q/b �b `2bmHib �`2 �HKQbi B/2MiB+�HX

h?2 TB+im`2 #2+QK2b p2`v /Bz2`2Mi r?2M `2b+�HBM; QMHv bmTTHv b?Q+Fb �M/ im`MBM; Qz
/2K�M/ b?Q+Fb UαD = 0,αS ∈ [0, 1]V �b /2KQMbi`�i2/ BM 6B;X jU#VX >2`2- i?2 /B`2+i BKT�+i
`2/m+2b ;`Qbb QmiTmi HBM2�`Hv �b i?2 b?Q+F K�;MBim/2 Bb BM+`2�b2/ �M/ Tmib �M mTT2` #QmM/ iQ
i?2 bQHmiBQMb Q7 i?2 K2i?Q/b +QMbB/2`2/ ?2`2X q?2M i?2`2 �`2 MQ b?Q+Fb- αS = 0- �HH K2i?Q/b
`2+Qp2` i?2 2KTB`B+�H AP /�i� �b 2tT2+i2/X 6Q` bK�HH b?Q+Fb r2 Q#b2`p2 i?�i 2biBK�i2/
BKT�+ib �`2 p2`v bBKBH�` �+`Qbb /Bz2`2Mi K2i?Q/b- #mi i?2 T`QTQ`iBQM�H `�iBQMBM; �H;Q`Bi?K
+QMbBbi2MiHv `2im`Mb i?2 bK�HH2bi QmiTmi p�Hm2bX h?2 `2bmHib Q7 i?2 Qi?2` �H;Q`Bi?Kb UKBt2/-
T`BQ`Biv- `�M/QKV HB2 #2ir22M i?Qb2 T`QTQ`iBQM�H `�iBQMBM; �M/ QTiBKBx�iBQM T`2/B+iBQMb- �M/
�`2 B/2MiB+�H 7Q` bK�HH b?Q+Fb mT iQ �#Qmi αS = 0.5X �b αS Bb BM+`2�b2/ 7m`i?2` i?2v /2pB�i2
/`�K�iB+�HHvX lM/2` i?2 T`BQ`Biv �H;Q`Bi?K 2p2M � bK�HH BM+`2�b2 BM αS +�mb2b i?2 2+QMQKv
iQ +QHH�Tb2X h?2 `�M/QK �H;Q`Bi?K �HbQ +�mb2b i?2 2+QMQKv iQ +QHH�Tb2- i?Qm;? KQ`2 bHQrHv-
�M/ i?2 KBt2/ �H;Q`Bi?K Bb bm#bi�MiB�HHv #2ii2`X

6B;X j i?mb K�F2b +H2�` i?�i i?2 `�MFBM; Q7 i?2 BKT�+i �bb2bbK2Mi K2i?Q/b �b b22M BM
6B;X k Bb MQi ;2M2`B+- #mi bi`QM;Hv /2T2M/b QM i?2 b?Q+F K�;MBim/2X A7 i?2`2 �`2 QMHv bK�HH
bmTTHv b?Q+Fb T`2b2Mi- � T`BQ`Biv `�iBQMBM; `mH2 Bb #2ii2` i?�M T`QTQ`iBQM�H `�iBQMBM;X AM i?Bb
+�b2 KQbi Q7 i?2 /2K�M/ Q7 /QrMbi`2�K }`Kb +�M #2 K2i �M/ bK�HH b?Q+Fb QMHv T`QT�;�i2
iQ 72r +mbiQK2`bX AM � T`QTQ`iBQM�H `�iBQMBM; b2imT- QM i?2 Qi?2` ?�M/- b?Q+Fb �`2 T�bb2/ QM
iQ 2p2`v +mbiQK2`X .2bTBi2 bK�HH b?Q+F K�;MBim/2b- i?2 rB/2` #`2�/i? Q7 b?Q+F T`QT�;�iBQM
H2�/b iQ +QKT�`�iBp2Hv H�`;2` �;;`2;�i2 BKT�+ibX

AM +QMi`�bi- T`BQ`Biv `�iBQMBM; 2t�+2`#�i2b b?Q+F T`QT�;�iBQM +QKT�`2/ iQ T`QTQ`iBQM�H
`�iBQMBM; BM +�b2 Q7 H�`;2 bmTTHv b?Q+FbX A7 }`Kb �`2 b2p2`2Hv QmiTmi +QMbi`�BM2/ �M/ `�iBQM
#�b2/ QM � T`BQ`Biv `mH2- i?2 /2K�M/ Q7 b2p2`�H +mbiQK2`bǶ KB;?i MQi #2 b�iBb}2/ �i �HHX h?2
G2QMiB27 T`Q/m+iBQM 7mM+iBQM- BM im`M- BKTHB2b � +QKTH2i2 b?mi/QrM Q7 i?2b2 /QrMbi`2�K
}`Kb /m2 iQ i?2 BMTmi #QiiH2M2+Fb +`2�i2/X JQ`2 BMTmi #QiiH2M2+Fb rBHH #2 +`2�i2/ BM 7m`i?2`

R9



`QmM/b Q7 b?Q+F T`QT�;�iBQM- TQi2MiB�HHv +�mbBM; K�bbBp2 +QHH�Tb2bX A7 bmTTHv b?Q+Fb �`2 i?�i
H�`;2- b?Q+F �KTHB}+�iBQM Bb KBH/2` B7 T�bb2/ QM T`QTQ`iBQM�HHv iQ +mbiQK2`bX q?BH2 ?2`2 2p2`v
+mbiQK2` 2tT2`B2M+2b bQK2 b?Q+Fb 7`QK � +QMbi`�BM2/ bmTTHB2`- i?Bb 2z2+i Bb Qmir2B;?2/ #v
i?2 7�+i i?�i T`QTQ`iBQM�H `�iBQMBM; �pQB/b i?2 +`2�iBQM Q7 2p2M H�`;2` B/BQbvM+`�iB+ BMTmi
#QiiH2M2+FbX

9XjXk L2irQ`F /2MbBiv

AMimBiBp2Hv- i?2 2ti2Mi Q7 b?Q+F T`QT�;�iBQM MQi QMHv /2T2M/b QM i?2 bBx2 Q7 BMBiB�H b?Q+Fb
#mi �HbQ QM ?Qr }`Kb �`2 +QMM2+i2/ rBi? 2�+? Qi?2`X A7 i?2 T`Q/m+iBQM M2irQ`F Bb /2Mb2-
BX2X KQbi Q7 i?2 TQi2MiB�H HBMFb �`2 T`2b2Mi- B/BQbvM+`�iB+ b?Q+Fb rBHH bT`2�/ Qmi p2`v [mB+FHv
iQ K�Mv Qi?2` }`Kb BM i?2 M2irQ`FX AM +QMi`�bi- B7 i?2 M2irQ`F Bb bT�`b2- b?Q+F T`QT�;�iBQM
KB;?i #2 KQ`2 HQ+�H- �i H2�bi BMBiB�HHv- �M/ i�F2b KQ`2 bi2Tb iQ bT`2�/ Qmi BM i?2 M2irQ`FX

q2 i?2`27Q`2 +QM/m+i �M 2tT2`BK2Mi r?2`2 r2 �;�BM �TTHv i?2 /Bz2`2Mi b?Q+F T`QT�@
;�iBQM K2+?�MBbK iQ i?2 /�i�- #mi +QMi`QH 7Q` i?2 AP M2irQ`F /2MbBivX q2 /Q i?Bb BM i?2
7QHHQrBM; r�vX 6B`bi- r2 `�M/QKHv 2HBKBM�i2 � ;Bp2M MmK#2` Q7 HBMFb BM i?2 BMi2`K2/B�i2
+QMbmKTiBQM K�i`Bt ZeX q2 QMHv +QMbB/2` /2H2iBM; HBMFb BMbi2�/ Q7 �//BM; HBMFb bBM+2 i?2
�;;`2;�i2 AP M2irQ`Fb r2 �`2 mbBM; �`2 ?B;?Hv /2Mb2 U

∑
ij {Zij>0}/N

2 > 99%VX LQi2 i?�i
b2iiBM; � HBMF Zij > 0 2[m�H iQ x2`Q rBi?Qmi +?�M;BM; }M�H +QMbmKTiBQM p�Hm2b `2/m+2b iQ@
i�H QmiTmi Q7 bmTTHB2` i- bBM+2 i?2 �++QmMiBM; B/2MiBiv xi =

∑
j Zij + fi ?�b iQ ?QH/X h?2

QmiTmi Q7 +mbiQK2` j rBHH MQi #2 �z2+i2/ B7 r2 �bbmK2 i?�i i?2 `2/m+iBQM BM BMi2`K2/B�i2
+QMbmKTiBQM Bb �#bQ`#2/ #v � `2bT2+iBp2 BM+`2�b2 Q7 jǶb p�Hm2 �//2/ Ur?B+? /Q2b MQi �z2+i
i?2 bBKmH�iBQMbVX �7i2` /2H2iBM; MQ/2b r2 i?mb `2#�H�M+2 i?2 2+QMQKB+ bvbi2K #v �/DmbiBM;
;`Qbb QmiTmi Q7 i?2 `2H2p�Mi }`Kb bm+? i?�i i?2 #�bB+ M�iBQM�H �++QmMiBM; B/2MiBiv Bb b�iBb}2/X
L2ti- r2 `2+QKTmi2 i?2 i2+?MB+�H +Q2{+B2Mi K�i`Bt A- i?2 G2QMiB27 K�i`Bt L �M/ i?2 p2+iQ`
Q7 T`Q/m+iBp2 +QMbi`�BMib xK�t iQ BMBiB�HBx2 i?2 QTiBKBx�iBQM �M/ `�iBQMBM; bBKmH�iBQMbX q2
`2T2�i i?Bb T`Q+2/m`2 8y iBK2b 7Q` � ;Bp2M H2p2H Q7 /2MbBiv �M/ 2tTHQ`2 i?2 r?QH2 `�M;2 Q7
TQbbB#H2 /2MbBiv p�Hm2bX

q2 pBbm�HBx2 �;;`2;�i2 QmiTmi H2p2Hb T`2/B+i2/ #v i?2 p�`BQmb BKT�+i �bb2bbK2Mi K2i?Q/b
�b � 7mM+iBQM Q7 M2irQ`F /2MbBiv BM 6B;X 9X h?2 THQi �;�BM +QM}`Kb i?�i i?2 Q#b2`p2/ `�MFBM;
Q7 K2i?Q/b BM 6B;X k Bb MQi ;2M2`B+ #mi Bb bi`QM;Hv �z2+i2/ #v i?2 M2irQ`F /2MbBivX Ai #2+QK2b
+H2�` i?�i b?Q+F �KTHB}+�iBQM Bb +QKT�`�iBp2Hv bK�HH B7 i?2 M2irQ`F Bb p2`v bT�`b2X PM i?2
Qi?2` ?�M/- B7 i?2 M2irQ`F Bb p2`v /2Mb2- �b i?2 2KTB`B+�H /�i� rQmH/ bm;;2bi- 2+QMQKB+
BKT�+ib �`2 bm#bi�MiB�H 7Q` �HH +�b2bX AM T�`iB+mH�`- i?2 ;�T #2ir22M i?2 QTiBK�H bQHmiBQM �M/
i?2 #QiiQK@mT `�iBQMBM; �TT`Q�+?2b rB/2Mb rBi? ?B;?2` M2irQ`F /2MbBivX AMi2`2biBM;Hv- �HbQ
i?2 KBMBK�H �KTHB}+�iBQM Q7 /B`2+i b?Q+Fb BM+`2�b2b rBi? ?B;?2` /2MbBiv p�Hm2b- �Hi?Qm;? i?2
bBx2 Q7 i?Bb 2z2+i Bb `�i?2` bK�HHX

eq2 �HbQ 2tT2`BK2Mi2/ rBi? 2HBKBM�iBM; bK�HH2bi HBMFb }`bi BMbi2�/ Q7 `�M/QKHv b2H2+iBQMX _2bmHib �`2
[m�HBi�iBp2 bBKBH�` iQ i?2 QM2b T`2b2Mi2/ ?2`2 �M/ b?QrM BM i?2 �TT2M/Bt .X
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6B;m`2 9, 1+QMQKB+ BKT�+i �b � 7mM+iBQM Q7 M2irQ`F /2MbBivX h?2 M2irQ`F /2MbBiv Bb +?�M;2/ #v
`�M/QKHv 2HBKBM�iBM; HBMFb BM i?2 AP M2irQ`FX aQHB/ HBM2b �`2 T`2/B+i2/ QmiTmi p�Hm2b Q#i�BM2/ 7`QK �p2`�;BM;
Qp2` 8y b�KTH2b �M/ b?�/2b BM/B+�i2 i?2 BMi2`[m�`iBH2 `�M;2X aBM+2 `�M/QK `�iBQMBM; Bb biQ+?�biB+ #v Bib2H7- r2
�TTHv i?Bb �H;Q`Bi?K 8y iBK2b iQ 2p2`v M2irQ`F b�KTH2 �M/ i�F2 �p2`�;2b �M/ [m�MiBH2b Qp2` i?2 7mHH UTQQH2/V
/2MbBiv@bT2+B}+ b�KTH2X h?2 �+im�H /�i� +Q``2bTQM/b iQ i?2 p2`v `B;?i Q7 i?2 t@�tBb- �b BM/B+�i2/ #v i?2
/B�KQM/bX

A7 }`Kb ?�p2 QMHv 72r bmTTHB2`b �M/ +mbiQK2`b- T`QTQ`iBQM�H `�iBQMBM; vB2H/b #v 7�` i?2
KQbi T2bbBKBbiB+ T`2/B+iBQMb Q7 �;;`2;�i2 BKT�+iX A7 i?2`2 �`2 K�Mv +QMM2+iBQMb �KQM; }`Kb-
QM i?2 +QMi`�`v- T`QTQ`iBQM�H `�iBQMBM; KBiB;�i2b b?Q+F T`QT�;�iBQM /vM�KB+b +QKT�`2/ iQ
T`BQ`Biv �M/ `�M/QK `�iBQMBM;X a?Q+F �KTHB}+�iBQM Bb �Hr�vb KBH/2bi B7 }`Kb mb2 � KBt2/
T`QTQ`iBQM�HfT`BQ`Biv `�iBQMBM; `mH2- �Hi?Qm;? 2p2M BM i?Bb +�b2 2+QMQKB+ BKT�+ib BM+`2�b2
bm#bi�MiB�HHv rBi? ?B;?2` /2MbBivX

h?2b2 `2bmHib BM/B+�i2 i?�i 2biBK�i2b Q7 2+QMQKB+ BKT�+i �`2 ?B;?Hv b2MbBiBp2 rBi? `2bT2+i
iQ i?2 M2irQ`F bi`m+im`2 r?B+?- BM im`M- Q7i2M /2T2M/b QM i?2 H2p2H Q7 /�i� �;;`2;�iBQMX
JQ`2 �;;`2;�i2/ /�i� M2+2bb�`BHv BKTHB2b ?B;?2` H2p2Hb Q7 /2MbBivX 6Q` 2t�KTH2- BM/mbi`v
H2p2H HBMFb �`2 i?2 `2bmHi Q7 TQQHBM; K�Mv }`K HBMFbX 6B`K@H2p2H T`Q/m+iBQM M2irQ`Fb- QM i?2
Qi?2` ?�M/- �`2 �M �;;`2;�iBQM Q7 K�Mv BM/BpB/m�H +QMi`�+im�H `2H�iBQMb?BTb �M/ T�vK2MibX
AK�;BM2 �TTHvBM; i?2 `�iBQMBM; K2+?�MBbKb iQ � }`K H2p2H T`Q/m+iBQM M2irQ`F BM irQ r�vb,
}`bi iQ i?2 �+im�H }`K H2p2H /�i� �M/ b2+QM/ iQ �M BM/mbi`v �;;`2;�i2 Q7 i?2 b�K2 /�i�X Pm`
`2bmHib bm;;2bi i?�i T`2/B+i2/ 2+QMQKB+ BKT�+ib +QmH/ #2 bm#bi�MiB�HHv H�`;2` BM i?2 b2+QM/
+�b2- /2bTBi2 mbBM; i?2 b�K2 mM/2`HvBM; /�i�X

Pm` }M/BM;b �HbQ TQBMi Qmi i?�i 2+QMQKB+ BKT�+i T`2/B+iBQMb +�M #2 b2MbBiBp2 rBi? `2bT2+i
iQ /�i� [m�HBivX J�Mv /Bb�;;`2;�i2 }`K H2p2H T`Q/m+iBQM M2irQ`F /�i�b2ib �`2 bm#bi�MiB�HHv
#B�b2/- �b i?2v 7`2[m2MiHv BM+Hm/2 QMHv bT2+B}+ bmTTHB2`@+mbiQK2` `2H�iBQMb?BTb r?B+? �`2
bm#D2+i iQ bT2+B}+ `2TQ`iBM; `mH2bX h?mb- r2 rQmH/ 2tT2+i `2�H rQ`H/ T`Q/m+iBQM M2irQ`F iQ
#2 bm#bi�MiB�HHv /2Mb2` i?�M r?�i i?2 /�i� bm;;2bibX Pm` �M�HvbBb BM/B+�i2b i?�i bm+? #B�b2b
+QmH/ ?�p2 BKTQ`i�Mi +QMb2[m2M+2b 7Q` BKT�+i �bb2bbK2MiX

8 .Bb+mbbBQM
q2 ?�p2 b?QrM i?�i 2tBbiBM; AP KQ/2Hb ?�p2 /B{+mHiB2b /2�HBM; rBi? bBKmHi�M2Qmb bmTTHv
�M/ /2K�M/ b?Q+Fb- r?B+? TH�v �M BKTQ`i�Mi `QH2 BM bBim�iBQMb bm+? �b M�im`�H /Bb�bi2`b �M/
/m`BM; � T�M/2KB+X q2 ?�p2 BMi`Q/m+2/ � bBKTH2 QTiBKBx�iBQM K2i?Q/ i?�i �HHQrb mb iQ }M/
#2bi +�b2 K�`F2i �HHQ+�iBQMb r?B+? �`2 +QMbBbi2Mi rBi? i?2 2tQ;2MQmb b?Q+FbX hQ Q#i�BM KQ`2
`2�HBbiB+- #QiiQK@mT BKT�+i 2biBK�i2b- r2 bim/B2/ �Hi2`M�iBp2 `�iBQMBM; /vM�KB+b r?B+? /Bz2`
BM ?Qr bmTTHB2`b b2`p2 +mbiQK2`b BM +�b2 Q7 QmiTmi +QMbi`�BMibX lbBM; AP /�i� 7Q` :2`K�Mv-
Ai�Hv �M/ aT�BM- r2 7QmM/ i?�i i?2b2 #QiiQK@mT �TT`Q�+?2b H2�/ iQ bm#bi�MiB�H �KTHB}+�iBQMb

Re



Q7 BMBiB�H b?Q+Fb r?B+? �`2 Km+? ?B;?2` i?�M QTiBK�H bQHmiBQMb rQmH/ bm;;2biX q2 7m`i?2`
2bi�#HBb?2/ i?2 `2bmHi i?�i /Bz2`2Mi `�iBQMBM; �bbmKTiBQMb +�M H2�/ iQ /`�K�iB+�HHv /Bz2`2Mi
2+QMQKB+ BKT�+i T`2/B+iBQMbX JQ`2Qp2`- i?2b2 T`2/B+iBQMb �`2 ?B;?Hv b2MbBiBp2 rBi? `2bT2+i
iQ i?2 K�;MBim/2 Q7 }`bi@Q`/2` b?Q+Fb �M/ i?2 T`Q/m+iBQM M2irQ`F bi`m+im`2X

Ai Bb +H2�` i?�i �/2[m�i2 K�+`Q2+QMQKB+ T`2/B+iBQMb Q7 T�M/2KB+ BKT�+ib `2[mB`2 KQ`2
bQT?BbiB+�i2/ KQ/2HBM; i2+?MB[m2b i?�M i?2 QM2b bim/B2/ ?2`2X u2i i?2 /QrMbB/2 Q7 KQ`2
+QKTHB+�i2/ KQ/2Hb Bb i?�i i?2 mM/2`HvBM; K2+?�MBbKb Q7 T`2/B+iBQMb +�M #2 /B{+mHi iQ
BbQH�i2X q2 i?2`27Q`2 bim/B2/ `2H�iBp2Hv bBKTH2 2+QMQKB+ KQ/2Hb iQ #2ii2` +�`p2 Qmi F2v
K2+?�MBbKb Q7 b?Q+F T`QT�;�iBQM BM irQ7QH/ +QMbi`�BM2/ T`Q/m+iBQM M2irQ`FbX h?2 +?QB+2
7Q` bBKTHB+Biv BM i?Bb bim/v �HbQ 2Mi�BHb HBKBi�iBQMb r?B+? �`2 BKTQ`i�Mi iQ #2�` BM KBM/X
q2 /B/ MQi /2T�`i 7`QK i?2 �bbmKTiBQM Q7 BM/mbi`v@bT2+B}+ G2QMiB27 T`Q/m+iBQM 7mM+iBQMb
i?`Qm;?Qmi Qm` �M�HvbBb- �Hi?Qm;? i?2 +?QB+2 Q7 T`Q/m+iBQM 7mM+iBQM ?�b #22M b?QrM iQ #2
� F2v p�`B�#H2 7Q` BKT�+i �bb2bbK2Mi USB+?H2` 2i �HX kykyVX q?BH2 BMTmi bm#biBimiBQMb KB;?i
#2 HBKBi2/ BM i?2 b?Q`i@`mM- }t2/ T`Q/m+iBQM `2+BT2b �`2 M2p2`i?2H2bb � bi`QM; �bbmKTiBQM-
BM T�`iB+mH�` 7Q` i?2 �;;`2;�i2 /�i� +QMbB/2`2/ ?2`2X

Ai Bb �HbQ BKTQ`i�Mi iQ bi`2bb i?�i r2 /B/ MQi i�F2 �Mv �/�TiBp2 #2?�pBQ` Q7 2+QMQKB+
�;2Mib BMiQ �++QmMi �M/ /B/ MQi �HHQr 7Q` i?2 TQbbB#BHBiv Q7 BMp2MiQ`v #mBH/mT �M/ /2TH2iBQMX
"v BKTQbBM; 72�bB#H2 K�`F2i bQHmiBQMb- r2 2bb2MiB�HHv 7Q`+2/ i?2 2+QMQKv iQ +QMp2`;2 BMiQ �
M2r 2[mBHB#`BmKX >Qr2p2`- Bi Bb MQi +H2�` i?�i � T2`im`#2/ +QKTH2t bvbi2K bm+? �b M�iBQM�H
2+QMQKB2b rQmH/ [mB+FHv �TT`Q�+? � M2r 2[mBHB#`BmK bi�i2 BMbi2�/ Q7 7QHHQrBM; i`�MbB2Mi
T�i?b 7Q` �M 2ti2M/2/ T2`BQ/X AM ;2M2`�H- r2 `27`�BM2/ 7`QK K�FBM; i?2 iBK2 /BK2MbBQM
2tTHB+Bi- �Hi?Qm;? r2 �+FMQrH2/;2 Bib `2H2p�M+2 7Q` b?Q+F T`QT�;�iBQM /vM�KB+bX

.2bTBi2 i?2 +�p2�ib K2MiBQM2/- Qm` �M�HvbBb K�F2b +H2�` i?�i H2p2H Q7 �;;`2;�iBQM �M/
/�i� [m�HBiv TH�v �M BKTQ`i�Mi `QH2 BM �;;`2;�i2 T`2/B+iBQMb Q7 b?Q+F �KTHB}+�iBQMX .2i�BH2/
�M/ ?B;?@[m�HBiv T`Q/m+iBQM M2irQ`F /�i� Bb `�`2- M2+2bbBi�iBM; `2b2�`+?2`b iQ bim/v #B�b2/
Q` �;;`2;�i2 /�i�X AM2pBi�#Hv- i?Bb rBHH �z2+i i?2 +QMM2+i2/M2bb Q7 2+QMQKB+ �;2Mib �M/
i?mb BM~m2M+2 b?Q+F T`QT�;�iBQM K2+?�MBbKbX Ai b?QmH/ �HbQ #2 K2MiBQM2/ i?�i 2biBK�i2b
Q7 /B`2+i b?Q+Fb iQ bmTTHv �M/ /2K�M/ �`2 bm#D2+i iQ H�`;2 mM+2`i�BMiB2bX h?Bb +QmH/ ?�p2
BKTQ`i�Mi +QMb2[m2M+2b 7Q` KQ/2H T`2/B+iBQMb- /m2 iQ i?2 b2MbBiBpBiv Q7 b?Q+F T`QT�;�iBQM
K2+?�MBbKb rBi? `2bT2+i iQ }`bi@Q`/2` b?Q+F K�;MBim/2bX

q2 7QmM/ i?�i i?2 MmK#2` Q7 HBMFb #2ir22M BM/mbi`B2b bi`QM;Hv BM~m2M+2b ?Qr /Bz2`2Mi
#2?�pBQ` `mH2b �KTHB7v /B`2+i b?Q+FbX h?2 H2p2H Q7 +QMM2+i2/M2bb Bb � p2`v bBKTH2 �;;`2;�i2
M2irQ`F K2�bm`2 �M/ r2 rQmH/ 2tT2+i i?�i 7m`i?2` �bT2+ib- bm+? �b +QKKmMBiv bi`m+im`2-
/2;`22fbi`2M;i? ?2i2`Q;2M2Biv Q` U/Bb@V �bbQ`i�iBp2 KBtBM;- TH�v �M BKTQ`i�Mi `QH2 iQQX lM@
/2`bi�M/BM; ?Qr �Hi2`M�iBp2 `�iBQMBM; �bbmKTiBQMb BMi2`�+i rBi? bi`m+im`�H T`QT2`iB2b Q7
+QKTH2t M2irQ`Fb rQmH/ `2[mB`2 KQ`2 /2i�BH2/ T`Q/m+iBQM M2irQ`F /�i�- 2X;X �i i?2 }`K
H2p2H- �M/ +QmH/ #2 �M BMi2`2biBM; �p2Mm2 7Q` 7mim`2 `2b2�`+?X

q2 +QM+Hm/2 #v bi`2bbBM; i?�i Qm` �M�HvbBb Bb MQi +QMbi`�BM2/ iQ T�M/2KB+ b?Q+Fb QMHvX
q?BH2 i?2 *QpB/@RN T�M/2KB+ Bb � K�BM KQiBp�iBQM Q7 Qm` bim/v- bBKmHi�M2Qmb bmTTHv �M/
/2K�M/ +QMbi`�BMib �`2 m#B[mBiQmb 72�im`2b Q7 �Mv 2+QMQKv- BM T�`iB+mH�` BM i?2 b?Q`i `mMX
amTTHv b?Q+Fb �`2 � T`QKBM2Mi +?�`�+i2`BbiB+ Q7 K�Mv M�im`�H ?�x�`/b U~QQ/b- 2�`i?[m�F2b-
?m``B+�M2bV �M/ iQQHb Q7 KQbiHv /2K�M/@/`Bp2M AP �M�HvbBb �`2 7`2[m2MiHv �TTHB2/ 7Q` BKT�+i
�bb2bbK2MiX Pm` `2bmHib BM/B+�i2 i?�i �/2[m�i2Hv KQ/2HBM; b?Q+F T`QT�;�iBQM BM T`Q/m+iBQM
M2irQ`Fb rBHH `2[mB`2 � #2ii2` BMi2;`�iBQM Q7 #Qi? ivT2b Q7 2+QMQKB+ +QMbi`�BMibX

_272`2M+2b
�`iQ- AX- �M/`2QMB- oX � _m2/� *�Mim+?2- CX JX UkyR8V- ǵ:HQ#�H BKT�+ib Q7 i?2 �miQKQiBp2 bmT@

THv +?�BM /Bb`mTiBQM 7QHHQrBM; i?2 D�T�M2b2 2�`i?[m�F2 Q7 kyRRǶ- 1+QMQKB+ avbi2Kb _2b2�`+?
kdUjV- jyeĜjkjX
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�p2HBMQ- �X 6X � .�HHǶ2`#�- aX UkyRNV- ǵ*QKT�`BM; i?2 2+QMQKB+ BKT�+i Q7 M�im`�H /Bb�bi2`b ;2M2`�i2/
#v /Bz2`2Mi BMTmiĜQmiTmi KQ/2Hb, �M �TTHB+�iBQM iQ i?2 kyyd +?2?�HBb `Bp2` ~QQ/ Ur�VǶ- _BbF
�M�HvbBb jNURV- 38ĜRy9X

"�[�22- .X _X � 6�`?B- 1X UkykyV- ǵLQMHBM2�` T`Q/m+iBQM M2irQ`Fb rBi? �M �TTHB+�iBQM iQ i?2 +QpB/@RN
+`BbBbǶX

"�``Qi- CX@LX- :`�bbB- "X � a�mp�;M�i- CX UkykyV- ǵa2+iQ`�H 2z2+ib Q7 bQ+B�H /Bbi�M+BM;Ƕ- *QpB/ 1+Q@
MQKB+b j- Ry �T`BH kyky, 38@Ryk X

"�iiBbiQM- aX- :�iiB- .X .X- :�HH2;�iB- JX- :`22Mr�H/- "X � aiB;HBix- CX 1X UkyydV- ǵ*`2/Bi +?�BMb
�M/ #�MF`mTi+v T`QT�;�iBQM BM T`Q/m+iBQM M2irQ`FbǶ- CQm`M�H Q7 1+QMQKB+ .vM�KB+b �M/ *QMi`QH
jRUeV- kyeRĜky39X

"QM�/BQ- "X- >mQ- wX- G2p+?2MFQ- �X �X � S�M/�H�B@L�v�`- LX UkykyV- ǵ:HQ#�H bmTTHv +?�BMb BM i?2
T�M/2KB+Ƕ- *1S_ .SR9dee X

*�`p�H?Q- oX JX- >�Mb2M- aX- P`iBx- �X- :�`+B�- CX _X- _Q/`B;Q- hX- _Q/`B;m2x JQ`�- aX � _mBx /2
�;mB``2- SX UkykyV- ǵh`�+FBM; i?2 +QpB/@RN +`BbBb rBi? ?B;?@`2bQHmiBQM i`�Mb�+iBQM /�i�ǶX

*2`BM�- 6X- w?m- wX- *?2bb�- �X � _B++�#QMB- JX UkyR8V- ǵqQ`H/ BMTmi@QmiTmi M2irQ`FǶ- SHQa QM2
RyUdV- 2yRj9yk8X

*?2M- >X- ZB�M- qX � q2M- ZX UkykyV- ǵh?2 BKT�+i Q7 i?2 +QpB/@RN T�M/2KB+ QM +QMbmKTiBQM,
G2�`MBM; 7`QK ?B;? 7`2[m2M+v i`�Mb�+iBQM /�i�Ƕ- �p�BH�#H2 �i aa_L j8e38d9 X

*?2iiv- _X- 6`B2/K�M- CX LX- >2M/`2M- LX- ai2TM2`- JX 2i �HX UkykyV- >Qr /B/ +QpB/@RN �M/ bi�#BHBx�iBQM
TQHB+B2b �z2+i bT2M/BM; �M/ 2KTHQvK2Mi\ � M2r `2�H@iBK2 2+QMQKB+ i`�+F2` #�b2/ QM T`Bp�i2 b2+iQ`
/�i�- h2+?MB+�H `2TQ`i- L�iBQM�H "m`2�m Q7 1+QMQKB+ _2b2�`+?X

*QM;`2bbBQM�H "m/;2i P{+2 UkyyeV- ǵSQi2MiB�H BM~m2Mx� T�M/2KB+, SQbbB#H2 K�+`Q2+QMQKB+ 2z2+ib
�M/ TQHB+v Bbbm2bǶX ?iiTb,ffrrrX+#QX;QpfbBi2bf/27�mHif7BH2bfRyNi?@+QM;`2bb@kyy8@kyyef
`2TQ`ibfRk@y3@#B`/7HmXT/7X

.2 J2bM�`/- GX UkyyNV- ǵAb i?2 ;?Qb? KQ/2H BMi2`2biBM;\Ƕ- CQm`M�H Q7 _2;BQM�H a+B2M+2 9NUkV- jeRĜjdkX

/2H _BQ@*?�MQM�- _X JX- J2�Hv- SX- SB+?H2`- �X- G�7QM/- 6X � 6�`K2`- .X UkykyV- ǵamTTHv �M/ /2K�M/
b?Q+Fb BM i?2 +QpB/@RN T�M/2KB+, �M BM/mbi`v �M/ Q++mT�iBQM T2`bT2+iBp2Ƕ- *QpB/ 1+QMQKB+b e- e8Ĝ
RyjX
l_G, ?iiTb,ff�`tBpXQ`;f�#bfkyy9Xyed8N

.B2ix2M#�+?2`- 1X � JBHH2`- _X 1X UkyR8V- ǵ_2~2+iBQMb QM i?2 BMQT2`�#BHBiv BMTmiĜQmiTmi KQ/2HǶ-
1+QMQKB+ avbi2Kb _2b2�`+? kdU9V- 9d3Ĝ93eX

.BM;2H- CX � L2BK�M- "X UkykyV- ǵ>Qr K�Mv DQ#b +�M #2 /QM2 �i ?QK2\Ƕ- *QpB/ 1+QMQKB+b RX

6�/BM;2`- >X � a+?vKBF- CX UkykyV- h?2 2z2+ib Q7 rQ`FBM; 7`QK ?QK2 QM +QpB/@RN BM72+iBQMb �M/ T`Q@
/m+iBQM � K�+`Q2+QMQKB+ �M�HvbBb 7Q` ;2`K�Mv- h2+?MB+�H `2TQ`i- lMBp2`bBiv Q7 "QMM �M/ lMBp2`bBiv
Q7 J�MM?2BK- :2`K�MvX

6�M�- JX- hQH�M- aX- S2`2x- aX hX- "`�M+�iB- JX *X lX- J�+B�b- 1X 6X 2i �HX UkykyV- h?2 +QpB/ +QM}M2@
K2Mi K2�bm`2b �M/ 2m H�#Qm` K�`F2ib- h2+?MB+�H `2TQ`i- CQBMi _2b2�`+? *2Mi`2 Ua2pBHH2 bBi2VX

:�H#mb2`�- GX � :B�MMQTQmHQb- :X UkyR3V- ǵPM BMTmi@QmiTmi 2+QMQKB+ KQ/2Hb BM /Bb�bi2` BKT�+i
�bb2bbK2MiǶ- AMi2`M�iBQM�H DQm`M�H Q7 /Bb�bi2` `BbF `2/m+iBQM jy- R3eĜRN3X

:?Qb?- �X URN83V- ǵAMTmi@QmiTmi �TT`Q�+? BM �M �HHQ+�iBQM bvbi2KǶ- 1+QMQKB+� k8UNdV- 83Ĝe9X

:`mp2`- :X qX URN3NV- ǵPM i?2 TH�mbB#BHBiv Q7 i?2 bmTTHvě/`Bp2M BMTmi@QmiTmi KQ/2H, � i?2Q`2iB+�H
#�bBb 7Q` BMTmi@+Q2{+B2Mi +?�M;2Ƕ- CQm`M�H Q7 _2;BQM�H a+B2M+2 kNUjV- 99RĜ98yX
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:m�M- .X- q�M;- .X- >�HH2;�ii2- aX- .�pBb- aX CX- >mQ- CX- GB- aX- "�B- uX- G2B- hX- sm2- ZX- *QzK�M- .X
2i �HX UkykyV- ǵ:HQ#�H bmTTHv@+?�BM 2z2+ib Q7 +QpB/@RN +QMi`QH K2�bm`2bǶ- L�im`2 >mK�M "2?�pBQm`
TTX RĜRRX

>�BK2b- uX uX � CB�M;- SX UkyyRV- ǵG2QMiB27@#�b2/ KQ/2H Q7 `BbF BM +QKTH2t BMi2`+QMM2+i2/ BM7`�b@
i`m+im`2bǶ- CQm`M�H Q7 AM7`�bi`m+im`2 bvbi2Kb dURV- RĜRkX

>�HH2;�ii2- aX Ukyy3V- ǵ�M �/�TiBp2 `2;BQM�H BMTmi@QmiTmi KQ/2H �M/ Bib �TTHB+�iBQM iQ i?2 �bb2bbK2Mi
Q7 i?2 2+QMQKB+ +Qbi Q7 F�i`BM�Ƕ- _BbF �M�HvbBb, �M AMi2`M�iBQM�H CQm`M�H k3UjV- ddNĜdNNX

>�HH2;�ii2- aX UkyR9V- ǵJQ/2HBM; i?2 `QH2 Q7 BMp2MiQ`B2b �M/ ?2i2`Q;2M2Biv BM i?2 �bb2bbK2Mi Q7 i?2
2+QMQKB+ +Qbib Q7 M�im`�H /Bb�bi2`bǶ- _BbF �M�HvbBb j9URV- R8kĜRedX

>2M`B2i- 6X- >�HH2;�ii2- aX � h�#Qm`B2`- GX UkyRkV- ǵ6B`K@M2irQ`F +?�`�+i2`BbiB+b �M/ 2+QMQKB+ `Q@
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fi UWV εDi UWV
AaA* AM/mbi`v .1l 1aS Ah� .1l 1aS Ah�
�yR �;`B+mHim`2 yX8 RX9 RXy RyXy NXN RyXy
�yk 6Q`2bi`v yXR yXy yXR RyXy 3Xe jX3
�yj 6Bb?BM; yXy yXR yXy RyXy RyXy RyXy

" JBMBM; yXj yX8 yX9 RyXy RyXy RyXy
*Ry@Rk J�Mm7X 6QQ/@"2p2`�;2b 9XR 8Xy 9Xy RyXy RyXy RyXy
*Rj@R8 J�Mm7X h2tiBH2b yXe RX9 kXN RyXy RyXy RyXy

*Re J�Mm7X qQQ/ yX9 yXR yXj RyXy RyXy NXN
*Rd J�Mm7X S�T2` yXe yX9 yX8 RyXy RyXy RyXy
*R3 J2/B� T`BMi yXR yXR yXR RyXy NXN RyXy
*RN J�Mm7X *QF2@S2i`QH2mK RXd kXe RX9 RyXy RyXy RyXy
*ky J�Mm7X *?2KB+�H jX9 kXR RX8 NXN NXN RyXy
*kR J�Mm7X S?�`K�+2miB+�H RXR RXy RXk 3XR NXj NX3
*kk J�Mm7X _m##2`@SH�biB+b RX9 yXd RXy RyXy NXN RyXy
*kj J�Mm7X JBM2`�Hb yXe yX8 yXd RyXy RyXy RyXy
*k9 J�Mm7X J2i�Hb@#�bB+ RX8 RXj RX9 RyXy RyXy RyXy
*k8 J�Mm7X J2i�Hb@7�#`B+�i2/ RX3 RXy RXe RyXy RyXy RyXy
*ke J�Mm7X 1H2+i`QMB+ kXy yX9 yXN NXN NXN RyXy
*kd J�Mm7X 1H2+i`B+ kXj yX3 RX9 RyXy RyXy RyXy
*k3 J�Mm7X J�+?BM2`v 8X3 RX9 9Xd RyXy RyXy RyXy
*kN J�Mm7X o2?B+H2b 3Xk jXd kXR RyXy RyXy RyXy
*jy J�Mm7X h`�MbTQ`i@Qi?2` RXy RXR RXy NXN NXN RyXy

*jR@jk J�Mm7X 6m`MBim`2 RX9 yXe RX9 NXN NXN RyXy
*jj _2T�B`@AMbi�HH�iBQM yX8 yXj yXe RyXy RyXy RyXy
.j8 1H2+i`B+Biv@:�b RXe RXe RXR kXj yX3 RXk
1je q�i2` yXk yX9 yXj RX8 yXN yXe

1jd@jN a2r�;2 yXd yXd yXe jXe kX8 RXd
6 *QMbi`m+iBQM 8X8 dXe dX8 RyXy NXN NXN

:98 o2?B+H2 i`�/2 yXN RXd RX9 RyXy RyXy RyXy
:9e q?QH2b�H2 jX9 9XR 9Xe NX3 NX8 NXN
:9d _2i�BH jX9 8X8 8Xd NX8 NX8 NX3
>9N G�M/ i`�MbTQ`i yX3 RXd RX3 8eXN j3X3 88Xk
>8y q�i2` i`�MbTQ`i yXd yXk yX8 RRX9 kdX8 9dXj
>8R �B` i`�MbTQ`i yXe yXe yX9 8yXj k9Xd 9dXj
>8k q�`2?QmbBM; yXj yX3 RXR kkXj RNXd jjX8
>8j SQbi�H yXR yXy yXR jX9 kXk jX9

A �++QKKQ/�iBQM@6QQ/ kX9 3Xe 9Xd djXR d8X8 dNXR
C83 Sm#HBb?BM; yX9 yXj yXj jX3 8X9 9Xy

C8N@ey oB/2Q@aQmM/@"`Q�/+�biBM; yXe yX8 yXj 9Xj jX3 jX8
CeR h2H2+QKKmMB+�iBQMb yXN RXj RXk RXR RXe jXy

Cek@ej Ah RX8 RXe RXR 3X3 NX8 3X8
Ee9 6BM�M+2 RXN yX3 yXN kXN jX3 RXe
Ee8 AMbm`�M+2 RX9 RXR RXy RXj yX3 RXR
Eee �mtBHX 6BM�M+2@AMbm`�M+2 yXy yXk yXR kXy RXN 9XN
Ge3 _2�H 2bi�i2 dXk dX3 NX3 yXk yXR yX8

JeN@dy G2;�H yXd yXe yX9 NXj dXN 8Xk
JdR �`+?Bi2+im`2@1M;BM22`BM; RXy RXy yXk NX9 NXj 3X9
Jdk _�. yXN yX8 yXe 3Xj dXN NX3
Jdj �/p2`iBbBM; yXR yXR yXR RyXy NXR NXk

Jd9@d8 Pi?2` a+B2M+2 yXj yXR yXj jX8 jX8 8Xy
L S`Bp�i2 �/KBMBbi`�iBQM RXk RXk RXR 9Xk 9Xk 9XN

P39 Sm#HB+ �/KBMBbi`�iBQM eXR eXj dXR yXk yXd yXy
S38 1/m+�iBQM 9XR 8XR jXN yXd RXy yXy

Z >2�Hi? 3Xj dXk dX8 yXR yXR yXR
_na Pi?2` a2`pB+2 jXk jXj jXk 9Xj 9Xj 9Xd

h >Qmb2?QH/ �+iBpBiB2b yXk yX3 RXR yXy @yXy @yXy

h�#H2 k, AM/mbi`v@bT2+B}+ /2K�M/ b?Q+F /2i�BHbX fi /2MQi2b }M�H +QMbmKTiBQM T2` BM/mbi`v �b 7`�+iBQM
Q7 �;;`2;�i2 }M�H +QMbmKTiBQMX εDi Bb i?2 iQi�H /2K�M/ b?Q+F T2` BM/mbi`vX

kk



xi UWV εSi UWV ei UWV _GAi
AaA* AM/mbi`v .1l 1aS Ah� .1l 1aS Ah� .1l 1aS Ah� UWV
�yR �;`B+mHim`2 yXN kXk RXd yXy yXy yXy RyyXy RyyXy RyyXy RjXe
�yk 6Q`2bi`v yXR yXy yXy 38Xy 38Xy 38Xy yXy yXy yXy R8Xy
�yj 6Bb?BM; yXy yXR yXR yXy yXy yXy RyyXy RyyXy RyyXy j8Xd

" JBMBM; yXk yXj yXj 93Xj 93Xj j9X8 jyXy jyXy 8yXy jRXy
*Ry@Rk J�Mm7X 6QQ/@"2p2`�;2b jX8 eXN 9XR yXy keXy keXy RyyXy eeXd eeXd kkXR
*Rj@R8 J�Mm7X h2tiBH2b yX9 RXy kXe e3X8 e3X8 8NX9 yXy yXy RjXj jRX8

*Re J�Mm7X qQQ/ yX8 yXj yX8 djXR djXR eyXe yXy yXy RdXy keXN
*Rd J�Mm7X S�T2` yXd yXe yXd j9Xj yXy 93Xd 8yXy RyyXy kNXy jRX8
*R3 J2/B� T`BMi yX9 yX9 yX9 yXy yXy yXy RyyXy RyyXy RyyXy jNXy
*RN J�Mm7X *QF2@S2i`QH2mK RX8 kX9 RXd yXy eX9 yXy RyyXy NyXy RyyXy jeXy
*ky J�Mm7X *?2KB+�H kXe kX8 RXe RNXy 8kX8 3Xk dyXy RdXy 3dXy jeXd
*kR J�Mm7X S?�`K�+2miB+�H yXN yXd yX3 yXy yXy yXy RyyXy RyyXy RyyXy 9yXj
*kk J�Mm7X _m##2`@SH�biB+b RX9 yXN RXj j8Xj dyX8 9dXk 8yXy yXy jjXy kNX8
*kj J�Mm7X JBM2`�Hb yX3 yX3 RXy ejXN ejXN eRX9 yXy yXy 9Xy jeXR
*k9 J�Mm7X J2i�Hb@#�bB+ RXN kXR RX3 dkXe dkXe dkXe yXy yXy yXy kdX9
*k8 J�Mm7X J2i�Hb@7�#`B+�i2/ kX9 RX9 kXe eeXj eeXj eeXj yXy yXy yXy jjXd
*ke J�Mm7X 1H2+i`QMB+ RX9 yX9 yXd 9jXR 9jXR j3X3 yXy yXy RyXy 8eXN
*kd J�Mm7X 1H2+i`B+ RXN yX3 RXR ejXR ejXR 8yX8 yXy yXy kyXy jeXN
*k3 J�Mm7X J�+?BM2`v 9X8 RXk jXe eRX3 eRX3 9dXy yXy yXy k9Xy j3Xk
*kN J�Mm7X o2?B+H2b eXj kX8 RX8 eNXd eNXd eNXd yXy yXy yXy jyXj
*jy J�Mm7X h`�MbTQ`i@Qi?2` yX3 yX3 yXd 8NXd 8NXd 8NXd yXy yXy yXy 9yXj

*jR@jk J�Mm7X 6m`MBim`2 yXN yXe RXk e8Xk 8NXd 83Xy yXy 3X8 RRXy j9X3
*jj _2T�B`@AMbi�HH�iBQM yXd yX8 yXe eyXe eyXe j9Xy yXy yXy 99Xy jNX9
.j8 1H2+i`B+Biv@:�b kX9 9Xd kXd yXy 8X3 yXy RyyXy NyXy RyyXy 9RXe
1je q�i2` yXk yX8 yXj yXy yXy yXy RyyXy RyyXy RyyXy jjX8

1jd@jN a2r�;2 yXN yX3 RXj yXy yXy yXy RyyXy RyyXy RyyXy kNX3
6 *QMbi`m+iBQM 8Xk eX9 eXd dRXe dRXe 9NXe yXy yXy jyXd k3X9

:98 o2?B+H2 i`�/2 RXR RX9 RXR R3Xy kdXj RjXd edXy 8yXy d8Xy 98X9
:9e q?QH2b�H2 jXN 9XN 8Xj yXy jyXy jjX8 RyyXy 9yXy jjXy 8yXR
:9d _2i�BH jXy jXN jXN k9Xd k8Xd k8Xk 8RXy 9NXy 8yXy 9NXd
>9N G�M/ i`�MbTQ`i RX3 kX8 jXy yXy yXy yXy RyyXy RyyXy RyyXy jRX9
>8y q�i2` i`�MbTQ`i yX8 yXk yX9 yXy yXy yXy RyyXy RyyXy RyyXy j8Xj
>8R �B` i`�MbTQ`i yX8 yX8 yX9 yXy k9Xk yXy RyyXy eeXy RyyXy k3X3
>8k q�`2?QmbBM; kXj kXR kXR yXy yXy yXy RyyXy RyyXy RyyXy kNXe
>8j SQbi�H yXe yXk yXk yXy yXy yXy RyyXy RyyXy RyyXy j8Xe

A �++QKKQ/�iBQM@6QQ/ RXe 8X3 jXj e9Xe e9Xe 8eXe yXy yXy RkX8 j8X9
C83 Sm#HBb?BM; yXe yX9 yXj yXy dXe yXy RyyXy d8Xy RyyXy eNX3

C8N@ey oB/2Q@aQmM/@"`Q�/+�biBM; yXe yXe yX8 yXy RRXy yXy RyyXy d8Xy RyyXy 8eXR
CeR h2H2+QKKmMB+�iBQMb RXk RX3 RXj yXy yXy yXy RyyXy RyyXy RyyXy 88XR

Cek@ej Ah kXR RX9 RXe dXk R9X9 yXy d8Xy 8yXy RyyXy dRXR
Ee9 6BM�M+2 kXd kXR kXN yXy yXy yXy RyyXy RyyXy RyyXy dRX9
Ee8 AMbm`�M+2 RX9 RXy yX3 yXy yXy yXy RyyXy RyyXy RyyXy dRXj
Eee �mtBHX 6BM�M+2@AMbm`�M+2 yXe yX9 RXy yXy yXy yXy RyyXy RyyXy RyyXy dRXd
Ge3 _2�H 2bi�i2 dXk eXd dX8 8RXj 8RXj 8RXj yXy yXy yXy 93Xd

JeN@dy G2;�H kX8 RX8 kXj jeXj R3XR yXy yXy 8yXy RyyXy ejXd
JdR �`+?Bi2+im`2@1M;BM22`BM; RXk RXR RXy 98XN 98XN yXy yXy yXy RyyXy 89XR
Jdk _�. yXe yXj yX9 9RXR 9RXR yXy yXy yXy RyyXy 83XN
Jdj �/p2`iBbBM; yX9 yX8 yX8 jNXd jNXd jNXd yXy yXy yXy eyXj

Jd9@d8 Pi?2` a+B2M+2 yX9 yXj yXd RNXe RNXe yXy 8yXy 8yXy RyyXy eyX3
L S`Bp�i2 �/KBMBbi`�iBQM jXN kXe jXy 9kXd 89Xj 9RXe jjXj R8Xk j8Xy jeXy

P39 Sm#HB+ �/KBMBbi`�iBQM 9Xe 9X9 9Xk yXy yXy yXy RyyXy RyyXy RyyXy 99Xe
S38 1/m+�iBQM kXN jX9 kX9 yXy 9eXy yXy RyyXy yXy RyyXy 89Xy

Z >2�Hi? 8X9 9X3 9XN yXy yXy yXy RyyXy RyyXy RyyXy jeXy
_na Pi?2` a2`pB+2 kX3 kXd kXd eRXk 8eXy 9NXk yXy 3Xe RNXe j3X3

h >Qmb2?QH/ �+iBpBiB2b yXR yX8 yXe yXy yXy yXy yXy yXy 8yXy RyyXy

h�#H2 j, AM/mbi`v@bT2+B}+ bmTTHv b?Q+F /2i�BHbX xi /2MQi2b ;`Qbb QmiTmi T2` BM/mbi`v �b b?�`2 Q7
�;;`2;�i2 QmiTmiX εSi Bb i?2 iQi�H bmTTHv b?Q+F T2` BM/mbi`vX ei Bb i?2 2ti2Mi iQ r?B+? �M BM/mbi`v Bb +QMbB/2`2/
�b 2bb2MiB�H 7QHHQrBM; ;Qp2`MK2Mi TQHB+B2bX _GAi Bb i?2 _2KQi2 G�#Q` AM/2tX

kj



" .2i�BHb QM KBt2/ 2M/Q;2MQmbf2tQ;2MQmb KQ/2HBM;
h?2 J11J +�M vB2H/ BM72�bB#H2 2+QMQKB+ �HHQ+�iBQMb �M/ Bi /2T2M/b QM i?2 +QMi2ti r?2i?2`
M2;�iBp2 }M�H +QMbmKTiBQM p�Hm2b �`2 K2�MBM;7mH Q` MQi UJBHH2` � "H�B` kyyN- TX ek3VX hQ
b22 r?v i?2 J11J +�M ;Bp2 M2;�iBp2 }M�H +QMbmKTiBQM p�Hm2b- H2i mb +QMbB/2` i?2 QmiTmi@
+QMbi`�BM2/ T�`i Q7 1[X UeV- r?B+? +�M #2 `2r`Bii2M �b

f s = [I−Ass]xs −Asd[I−Add]−1(Adsxs + fd). Uk3V

LQi2 i?�i i?2 p2+iQ` (Adsxs + fd) Bb �Hr�vb MQM@M2;�iBp2 #v /2}MBiBQM- �b Bb 2p2`v 2H2K2Mi
Q7 i?2 K�i`Bt Asd[I−Add]−1X Uh?Bb Bb +H2�` 7`QK BMpQFBM; i?2 >�rFBMb@aBKQM +QM/BiBQMbVX
h?mb- 7Q` f s ≥ 0- [I − Ass]xs Kmbi #2 MQM@M2;�iBp2 �M/ H�`;2` i?�M i?2 T�`i iQ i?2 `B;?i
Q7 i?2 KBMmb BM 1[X Uk3VX >Qr2p2`- i?Bb i2`K +�M #2 M2;�iBp2 7Q` bmTTHv b?Q+Fb i?�i �`2
bm{+B2MiHv ?2i2`Q;2M2QmbX 6Q` 2t�KTH2- +QMbB/2` i?2 +�b2 Q7 �M 2+QMQKv rBi? QMHv irQ
bmTTHv@+QMbi`�BM2/ BM/mbi`B2b rBi?Qmi b2H7@HQQTb- i �M/ jX �Mv bmTTHv b?Q+Fb r?B+? H2�/ iQ
xK�t
i < Ass

ij x
K�t
j vB2H/ M2;�iBp2 }M�H +QMbmKTiBQM p�Hm2b 7Q` BM/mbi`v iX h?Bb /2KQMbi`�i2b

i?�i i?2 J11J 7`�K2rQ`F Bb mMHBF2Hv iQ vB2H/ TH�mbB#H2 bQHmiBQMb BM i?2 +m``2Mi +QMi2tiX
h?2 J11J +�M �HbQ H2�/ iQ }M�H +QMbmKTiBQM p�Hm2b i?�i HB2 �#Qp2 �Mv ;Bp2M T`2@

bT2+B}2/ mTT2` HBKBi Q7 +QMbmKTiBQM fK�t
i X G2i mb �;�BM +QMbB/2` �M 2t�KTH2 Q7 irQ BM/mb@

i`B2b- i �M/ j- r?2`2 i Bb bmTTHv +QMbi`�BM2/ �M/ j Bb /2K�M/ +QMbi`�BM2/X A7 BM/mbi`v i QMHv
bmTTHB2b BM/mbi`v j �M/ }M�H +QMbmK2`b �M/ BM/mbi`v j QMHv bmTTHB2b iQ }M�H +QMbmK2`b- Bi
+�M #2 p2`B}2/ i?�i f s

i > fK�t
i B7 xaa

i − f.a
i < Asd

ij f
.a
j X h?mb- BM +�b2 BM/mbi`v i Bb QMHv

bHB;?iHv bmTTHv +QMbi`�BM2/ UbmTTHv b?Q+Fb �`2 QMHv bHB;?iHv H�`;2` i?�M /2K�M/ b?Q+FbV �M/
BM/mbi`v j 7�+2b +QKT�`�iBp2Hv b2`BQmb /2K�M/ +QMbi`�BMib- i?2 J11J rQmH/ +QKTmi2 H�`;2`
}M�H +QMbmKTiBQM p�Hm2b 7Q` BM/mbi`v i i?�M �`2 TQbbB#H2X

LQi2 i?�i ;`Qbb QmiTmi p�Hm2b Q7 /2K�M/ +QMbi`�BM2/ BM/mbi`B2b �Hr�vb HB2 rBi?BM i?2
72�bB#H2 `�M;2 xdi ∈ [0, xK�t

i ] B7 QMHv �/p2`b2 bmTTHv b?Q+Fb iQ i?2 2+QMQKv �`2 �HHQr2/ UεSi ≥
0VX "v MQiBM; i?�i xd = [I−Add]−1(Adsxs + fd)- Bi +�M 2�bBHv #2 p2`B}2/ i?�i xdi ≥ 0X h?2
+QM/BiBQM i?�i εSi x

d
i < εDi f

d
i 2Mbm`2b i?�i QmiTmi Q7 /2K�M/ +QMbi`�BM2/ BM/mbi`B2b +�MMQi

2t+22/ i?2 K�tBKmK QmiTmi p�Hm2 xK�t
i X

h?2 bmTTHv �M/ /2K�M/ b?Q+Fb /Q MQi M22/ iQ #2 H�`;2 7Q` i?2 J11J iQ ;2M2`�i2
BM72�bB#H2 bQHmiBQMbX hQ b?Qr i?Bb r2 b+�H2 /QrM i?2 bBx2 Q7 i?2 bmTTHv �M/ /2K�M/ b?Q+Fb
#v p�`vBM; � T�`�K2i2` α ∈ [0, 1] iQ Q#i�BM M2r K�tBKmK QmiTmi �M/ +QMbmKTiBQM p�Hm2b-
�++Q`/BM; iQ

xK�t
i = (1− αεSi )xi,0, UkNV

fK�t
i = (1− αεDi )fi,0. UjyV

aBM+2 r2 b+�H2 /2K�M/ �M/ bmTTHv b?Q+Fb #v i?2 b�K2 T`QTQ`iBQM i?Bb /Q2b MQi +?�M;2 r?B+?
BM/mbi`B2b �`2 bmTTHv Q` /2K�M/ +QMbi`�BM2/X

6B;X 8 b?Qrb i?2 J11J `2bmHib 7Q` p�`vBM; /B`2+ib b?Q+FbX A7 α = 0- i?2`2 Bb MQ /B`2+i
b?Q+F- `2bmHiBM; BM � 72�bB#H2 K�`F2i �HHQ+�iBQM bBM+2 BM i?Bb +�b2 i?2 J11J bBKTHv `2+Qp2`b
i?2 T`2@b?Q+F 2+QMQKvX h?Bb Bb BM/B+�i2/ #v i?2 ;`22M +QHQ`b �i i?2 p2`v H27i Q7 �HH i?`22
T�M2HbX "mi 2p2M 7Q` p2`v bK�HH α > 0 r2 Q#i�BM BM72�bB#H2 bQHmiBQMb 7Q` �HH i?`22 +QmMi`B2b
�b b?QrM #v i?2 ;`�v +QHQ`bX A7 r2 BM+`2�b2 b?Q+F bBx2b 7m`i?2`- Bi #2+QK2b KQ`2 HBF2Hv i?�i
i?2 KQ/2H +QKTmi2b M2;�iBp2 }M�H +QMbmKTiBQMb p�Hm2b �b +�M #2 b22M 7`QK i?2 i`�MbBiBQM
Q7 `2/ +QHQ`b BMiQ ;`�v r?2M 7QHHQrBM; i?2 t@�tBb 7`QK H27i iQ `B;?iX
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6B;m`2 8, AM72�bB#H2 `2bmHib 7Q` }M�H +QMbmKTiBQM 7Q` i?2 J11J KQ/2H �b � 7mM+iBQM Q7 b?Q+F
bBx2X h?2 T�`�K2i2` α i?�i b+�H2b i?2 bmTTHv �M/ /2K�M/ b?Q+Fb p�`B2b �HQM; i?2 t@�tBbX h?2 +QHQ` +Q/2b
BM/B+�i2 i?2 `�iBQ f/fK�t r?2`2 f Bb i?2 J11J `2bmHi Q7 }M�H +QMbmKTiBQMX LQi2 i?�i i?Bb `�iBQ Bb �Hr�vb
2[m�H iQ QM2 U;`22M +QHQ`V 7Q` BM/mbi`B2b r?B+? �`2 /2K�M/ +QMbi`�BM2/X AM72�bB#H2 p�Hm2b- f /∈ [0, fK�t]- �`2
BM/B+�i2/ BM ;`�vX

* .2i�BHb QM b?Q+F K�;MBim/2 2z2+ib
AM i?2 K�BM i2ti r2 ?�p2 b?QrM i?2 2z2+i Q7 b+�HBM; 2Bi?2` bmTTHv Q` /2K�M/ b?Q+Fb QM
�;;`2;�i2 QmiTmiX q2 �HbQ 2tTHQ`2/ b?Q+F �KTHB}+�iBQM 2z2+ib r?2M b+�HBM; #Qi?- bmTTHv
�M/ /2K�M/ b?Q+Fb- bBKmHi�M2QmbHvX 6B;X e b?Qrb i?2 2z2+i Q7 /Bz2`2Mi b?Q+F K�;MBim/2b
QM �;;`2;�i2 QmiTmi �M/ }M�H +QMbmKTiBQM p�Hm2bX _2bmHib �`2 7�B`Hv bBKBH�` 7Q` �;;`2;�i2
p�Hm2b Q7 QmiTmi �M/ +QMbmKTiBQM �M/ �`2 �HbQ BM [m�HBi�iBp2 �;`22K2Mi rBi? i?2 `2bmHib
T`2b2Mi2/ BM 6B;X jX
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Direct shock Maximization Proportional Mixed Priority Random

6B;m`2 e, 1+QMQKB+ BKT�+i �b � 7mM+iBQM Q7 b?Q+F K�;MBim/2X �;;`2;�i2 ;`Qbb QmiTmi �M/ }M�H
+QMbmKTiBQM H2p2Hb �b � 7mM+iBQM Q7 b+�HBM; /2K�M/ �M/ bmTTHv b?Q+Fb 2[m�HHv #2ir22M x2`Q �M/ QM2 Uα =
αS = αD ∈ [0, 1]VX

. .2i�BHb QM M2irQ`F /2MbBiv
AM a2+iBQM 9XjXk r2 `2KQp2/ HBMFb `�M/QKHv �M/ `2T2�i2/ i?Bb T`Q+2/m`2 KmHiBTH2 iBK2b 7Q`
�Mv /2bB`2/ M2irQ`F /2MbBiv p�Hm2X q?BH2 `�M/QK 2/;2 `2KQp�H Bb QM2 TQbbB#H2 �TT`Q�+?-
Qi?2` T`Q+2/m`2b +QmH/ #2 7QHHQr2/ iQQX � M�im`�H �Hi2`M�iBp2 iQ `�M/QK 2/;2 /2H2iBQM Bb iQ
}`bi /2H2i2 bK�HH HBMFbX q?BH2 i?2 ?B;? �;;`2;�iBQM Q7 i?2 /�i� `2bmHib BM �HKQbi +QKTH2i2
;`�T?b- HBMF bBx2b �`2 ?B;?Hv ?2i2`Q;2M2Qmb- BKTHvBM; i?2 2tBbi2M+2 Q7 K�Mv p2`v bK�HH HBMFb
UJ+L2`M2v 2i �HX kyRj- *2`BM� 2i �HX kyR8VX Ai +QmH/ #2 �`;m2/ i?�i K�Mv Q7 i?2b2 HBMFb
�`2 `�i?2` �M �`iB7�+i Q7 /�i� �;;`2;�iBQM BMbi2�/ Q7 2M+Q/BM; � }t2/ T`Q/m+iBQM `2+BT2X
q2 i?2`27Q`2 `2T2�i i?2 T`Q+2/m`2 Q7 a2+iBQM 9XjXk #mi 2HBKBM�i2 bK�HH2` #27Q`2 H�`;2` HBMFb
iQ �+?B2p2 � ;Bp2M H2p2H Q7 M2irQ`F /2MbBivX .QBM; i?Bb `2bmHib BM 6B;X d r?B+? BM/B+�i2b
[m�HBi�iBp2Hv bBKBH�` `2bmHib �b 6B;X 9 Q7 i?2 K�BM i2tiX
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6B;m`2 d, 1+QMQKB+ BKT�+i �b � 7mM+iBQM Q7 M2irQ`F /2MbBivX h?2 };m`2 Bb i?2 b�K2 �b 6B;X 9 BM i?2
K�BM i2ti- 2t+2Ti i?�i M2irQ`F /2MbBiv Bb +?�M;2/ #v 2HBKBM�iBM; HBMFb #�b2/ QM i?2B` bBx2 BMbi2�/ Q7 `�M/QK
/2H2iBQMX

h?2 2HBKBM�iBQM Q7 2tBbiBM; AP HBMFb +?�M;2b F2v T`QT2`iB2b Q7 i?2 mM/2`HvBM; 2+QMQKB+
bvbi2KX �b /Bb+mbb2/ BM a2+iBQM 9XjXk- `2KQpBM; BMi2`K2/B�i2 +QMbmKTiBQM p�Hm2b rBHH `2/m+2
�;;`2;�i2 QmiTmiX 6B;bX 3U�V �M/ 3U#V pBbm�HBx2 i?2 `2H�iBQMb?BT #2ir22M QmiTmi �M/ M2i@
rQ`F /2MbBiv 7QHHQrBM; i?2 `�M/QK HBMF �M/ ǳbK�HH2bi@}`biǴ `2KQp�H �TT`Q�+?- `2bT2+iBp2HvX
aBKBH�`Hv- i?2 `�iBQ BMi2`K2/B�i2 +QMbmKTiBQM Qp2` �;;`2;�i2 QmiTmi rBHH #2 `2/m+2/ �b �
+QMb2[m2M+2X � /2MbBiv p�Hm2 2[m�H iQ x2`Q K2�Mb i?�i i?2`2 Bb MQ BMi2`K2/B�i2 +QMbmKTiBQM
H27i �M/ }`Kb QMHv mb2 T`BK�`v 7�+iQ`b �b BMTmib BM T`Q/m+iBQMX 6B;X 3 �HbQ b?Qrb i?�i i?2
�p2`�;2 QmiTmi KmHiBTHB2` /2+`2�b2b r?2M K�FBM; i?2 M2irQ`F bT�`b2`- �Hi?Qm;? MQi M2+2b@
b�`BHv KQMQiQMQmbHvX Pp2`�HH- i?2 2+QMQKB+ BM/B+�iQ`b +?�M;2 7�B`Hv HBM2�`Hv rBi? `2bT2+i
iQ M2irQ`F /2MbBiv B7 HBMFb �`2 `�M/QKHv `2KQp2/- r?2`2�b i?2b2 `2H�iBQMb?BTb �`2 ?B;?Hv
MQMHBM2�` B7 bK�HH2` 2/;2b �`2 2HBKBM�i2/ #27Q`2 H�`;2` QM2bX

kd



(a) Random

Germany Italy Spain

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
0

25

50

75

100

Density

%

Multiplier Intermediate Output

(b) Smallest first
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6B;m`2 3, E2v 2+QMQKB+ K2�bm`2b �b � 7mM+iBQM Q7 M2irQ`F /2MbBivX U�V h?2 M2irQ`F /2MbBiv Bb
+?�M;2/ #v 2HBKBM�iBM; HBMFb `�M/QKHv U+Q``2bTQM/BM; iQ 6B;X 9VX U#V h?2 M2irQ`F /2MbBiv Bb +?�M;2/ #v
2HBKBM�iBM; bK�HH2` #27Q`2 H�`;2` HBMFb U+Q``2bTQM/BM; iQ 6B;X dVX JmHiBTHB2` `272`b iQ i?2 UmMr2B;?i2/V �p2`�;2
KmHiBTHB2` Q7 i?2 2+QMQKv-

∑
ij Lij/N - �7i2` `2#�H�M+BM; �b T2`+2Mi�;2 Q7 i?2 BMBiB�H 2+QMQKvX AMi2`K2/B�i2

/2MQi2b i?2 b?�`2 Q7 BMi2`K2/B�i2 +QMbmKTiBQM BM iQi�H QmiTmi-
∑

ij Zij/
∑

i xi �7i2` `2#�H�M+BM; i?2 2+QMQKvX
PmiTmi Bb iQi�H QmiTmi �7i2` `2#�H�M+BM; /BpB/2/ #v BMBiB�H iQi�H QmiTmiX
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